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JNTROVUCTIOH AMP LITERATURE REVIEW 
The purpose of this section is to present a survey of the 
existing literature on the subject and simultaneously provide an 
unified introduction to the different chapters forming this work 
The present work has been divided in four parts that more 
or less cover all the different aspects of the development of 
the hydrazine catalytic decomposition thrusters. 
The first Part studies the processes occurring inside the 
catalyst particles during the ignition period corresponding to 
cold starts of the thrusters. 
In a second Part a model is presented for the homogeneous 
gas phase decomposition of highly diluted hydrazine, using sin-
gular perturbation methods, that gives the overall reaction 
rate and stoichiometry for 1000°K initial temperature. 
In the third Part an analysis is made of the heat and mass 
transfer to porous catalyst particles with either endothermic or 
exothermic reactions under steady state conditions. 
In the fourth Part of this Report the steady state behav-
iour of a thruster is studied. In the thruster both catalytic 
and thermal decomposition processes are considered, so that the 
results of the second and third Parts of this Report are needed 
to perform this analysis. Evenmore , the ammonia resulting from 
IX--
hydrazine decomposition also decomposes catalytically, this is 
the reason why in the third part the analysis has been carried 
out both for endothermic and exothermic reactions. 
Before going into the details of the four parts of this Re_ 
port, we are going to make a brief historical resumee of the way 
in wich hydrazine came up into the field of the satellite pro-
pulsion systems. 
The propulsion systems for satellites that were flown be-
fore 1963 were required only for boosting from the earth and to 
supply the impulse necessary to achieve the desired flight path 
and there was no need for controlling neither the orbit nor the 
attitude of the satellite. In early 1963 the first geosynchro-
nous satellite was launched marking the beginning of a new era 
in spacecraft control systems that were now required to perform 
orbit acquisition, station keeping, and attitude control. This 
first geosynchronous satellite used a monopropellant hydrogen 
peroxide system. During the years 1963 to 1968 most of the re-
action control systems used the catalytic decomposition of hy-
drogen peroxide. Although the hydrogen peroxide systems perform 
ed their assigned functions, there were some basic limitations 
among which the most important were the relatively low specific 
impulse and unstability during the storage. The transition from 
the use of hydrogen peroxide to that of hydrazine was due to the 
development of the Shell 405 catalyst. Before the development 
III.-
of the Shell 405 there were some catalysts for hydrazine decompo 
sition that only worked at very high temperatures and did not 
have the simplicity and reliability of that catalyst. 
In 1967 NASA launched the ATS-3 in which one of the hydro 
gen peroxide systems was modified to utilize hydrazine. The 
ATS-4- launched in 1968 utilized hydrazine in all propulsion sys 
terns, this propellant has become since then widely used in high 
performance satellite programs. 
The history and most important aspects of the hydrazine 
monopropellant thrusters are presented in several survey papers 
(References 1-7). 
Ignition Vzlay During Cold Stanti, 
One of the most important problem areas in the field of 
hydrazine catalytic decomposition is the catalyst attrition o-
riginated by the large overpressures created inside the parti-
cles during long ignition delays. It has been found that the 
catalyst bed life is strongly related to the number of igni-
tions at ambient temperature (cold start). Low initial tempe-
ratures of the catalyst bed lead to long ignition delays that 
are accompanied by large over-pressures (References 8, 9). San-
giovanni and Kesten (Ref.10) postulated a model in which the li£_ 
uid hydrazine will wet the porous catalyst particles, wiking in-
to the pores, and consequently generating a large internal pres-
IV. 
sure that will rupture the catalyst particle. This behaviour 
has been checked qualitatively in reference 13. A computer pr£ 
gram manual for this study has been developed by Jasch (Ref.ll) 
More recently Kesten (Ref.12) suggests that the catalyst breaku 
may be due to nonuniform wetting of the particles which create 
large pressure gradients. Sangiovanni and Kesten (Ref.10) as-
sume that the transport of the different gaseous products obeys 
to a diffusion mechanism, hovewer, they also show that there a£ 
pear large pressure gradients in the particle. In the work don 
in this Report the mass-flux of gaseous hydrazine in its decom-
position region is adscribed to a diffusion mechanism, however, 
the mass flux of the decomposition products is due to the con-
vective motion that appears as a result of the pressure gradi-
ents . 
Rice and Williams have carried out a program directed to 
find an improved, long life multiple cold start catalyst (Ref. 
14). 
Thz. H0m0g2.ne.0uA G<xi> ?ha.i>Q, VzcompoLitton o& Hyd/iazZne. 
The thermal decomposition of hydrazine has been studied 
in the past (Ref 15-21) and its decomposition mechanism is well 
understood after Eberstein and Glassman (Ref.22). 
Ref.15 gives an early account of the reactions involved 
in the decomposition of hydrazine as they were known in 1951, 
V.-
In Refs. 16 to 19 laminar flame studies are made in which 
the dependence of flame speed is used to obtain an activation 
energy for the reaction. More recent studies on the thermal ho_ 
mogeneous decomposition kinetics of hydrazine have been publish 
ed at X Symposium International on Combustion (Refs. 20, 21 and 
22) for different ranges of temperature and pressure and dif-
ferent degrees of dilution. 
In Part II of this Report the overall reaction rate and 
stoichiometry for hydrazine thermal decomposition are obtained 
for highly diluted hydrazine concentration and 1000°K initial 
temperature. 
Stzady Htat and Mcu6 Tuan&^zn In Vofioai, Catalyst Pa.KtZc.Zz4. 
In catalytic packed bed reactors the reaction chamber is 
filled with porous particles where chemical reactions take place. 
Due to the differences in concentrations of reacting species 
within the catalytic particles and on the surface, the species 
diffuse to the interior. Similarly, the reactive species dif-
fuse from the interstitial fluid to the particles. If the re-
action is exothermic, the heat evolved in the reaction will, 
under steady state conditions, leave the interior of the parti-
cle by heat conduction to increase the thermal energy of the 
interstitial fluid (References 23-25). 
In Part III of this report the mathematical problem that 
VI.-
is solved is that of diffusion type of equations with chemical 
production terms and appropriate boundary conditions expressing 
that the temperature and concentrations are known at its surface 
An early treatment of this problem was made by Thiele (Ref.26) 
which defined an effectiveness factor named after him and whose 
meaning can be found in the text. More recently this mathemati-
cal problem has been extensively treated in the literature (Refs 
23, 25, 27 and 28). This type of equation also appears in other 
physical problems related to combustion, see for example Frank-
Kamenetskii (Ref.29). A numerical solution of this problem has 
been given by Weisz and Hicks (Ref. 30). The uniqueness and 
existence of the solution of the equation has been investigated 
in Refs. 31-34- among others. Catalyst particles are not always 
spherical and the temperature and concentrations are not uniform 
along its surface as it is assumed in most of the above-men-
tioned literature and in the present work; corrections due to 
these effects have been investigated in Refs. 35 to 38 among 
others. 
In this report the problem has been solved using asymptotic 
methods to calculate temperature and concentration distributions 
along the particle radius under steady state conditions both for 
endothermic and exothermic reactions and for a wide variety of 
particle and propellant conditions. 
When analyzing packed bed chemical reactors what is real-
VII.-
ly known are the conditions of the interstitial fluid surrounding 
the catalyst particles that are different from the conditions 
at the particle surface because of external resistence effects. 
Since these conditions were assumed to be known as boundary con 
ditions of the problem, some modifications are needed to take 
into account those effects; this analysis is done in Appendix C 
of Part III. This external resistence effect has been consid-
ered in the analysis carried out in references 39 to 44. 
Sttady Statu knalyi>l& o& HydH.azX.nz lhonopn.optlla.nt Thtux&tzni,. 
The steady-state performance of a hydrazine catalytic 
thruster depends on both the temperature and the composition of 
the fluid leaving the catalytic chamber. 
There exist several theoretical studies of this problem, 
mainly those of Kesten, Smith E.J. and Smith D.B. (Refs. 45-49) 
who considered both steady and unsteady regimes. They obtained 
extensive numerical results for particular conditions and pro-
vided computer programs to allow the obtainment of data for 
further conditions. Nonetheless, the usefulness of their re-
sults for the design of an optimal thruster is limited for some 
applications, since correlation of numerical data, in order to 
attain significant design parameters, is always difficult. 
In this part of the present Report an analytic study of 
steady-state performances is carried out. The main result of 
VIII. 
the work is a description of the overall behaviour of the thruster 
in terms of three nondimensional parameters. Actually for all 
practical cases, only one parameter (J) is relevant, the depend-
ence on the other two parameters being negligible, particularly 
for low values of J. Comparison of the results of the present 
theory with the experimental data of Ref.50 shows good agreement. 
Also some experiments on steady state performance of hydrazine 
catalytic thrusters have been carried out at INTA and a compari-
son have been made with the theory presented. 
We want to complete this introductory study with a review 
of the different existing types of catalysts and the problem 
areas associated with their chemical kinetics. 
Typzi oi CatalyAtA and Aaoclatzd ?Koblw AHZCLA 
Much work has been dedicated to the study of the kinetic 
mechanisms occurring during the catalytic decomposition of hy-
drazine (Refs. 51-57) not only because of its relevance to the 
theoretical and experimental studies of the thruster performance 
but also because of the interest in knowing the causes of the 
decay in performance (poisoning) of the iridium catalyst (Refs. 
57-61). This decay has been associated to the "poisoning" from 
the hydrazine itself, or to the construction materials employed 
in the feed lines of the thruster that cause an accumulation of 
IX.-
foreign metal surface impurities on the catalyst. Another type 
of catalyst degradation is due to its attrition originated by 
internal overpressures created during cold starts, this problem 
has already been examined is this section when introducing the 
work of part I of this Report. 
Different types of catalysts have been used for hydrazine 
decomposition; the first one of relevance for space applications 
was the Shell 405 of the "Shell Development Company" CRef.62) 
that consists of a large surface area alumina substrate on which 
iridium is deposited in a finely dispersed state. Another very 
important catalyst is the CNESR0-1 developed at the Centre Na-
tional d'Etudes Spatiales CCNES) under financial support from 
ESRO, a detailed information on its manufacturing process can 
be found in Ref.63, and comparative studies of its characteris-
tics are presented in Refs. 64 to 67. In Germany the "Kaliche-
mie AG" has developed the catalysts KC-12, KC-23 and K -25 (Refs. 
68 to 70), and in Britain the Rocket Propulsion Establishment 
has developed the RPE 72/1 CRef.66). 
In this Report we have examined some different technologi-
cal problems arising when designing a catalytic hydrazine decom 
position thruster to be integrated in a satellite, there are 
many other important aspects that should also be taken into ac-
X.-
count among them are the stability studies CRefs. 71 and 72). It 
is needless to say that for direct application all these problems 
have to be examined together and experimentation of the whole 
system is required (Refs. 50, 73-79). Examples of how these 
thrusters have been integrated in particular satellites are given 
in Refs. 65 and 80 to 85. 
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LIST Of SYMBOLS 
a = radius of the catalyst particle 
a. = radial location of the interphace 
A = defined in formula (42) 
C = nondimensional density 
D = diffusion coefficient 
J = mass flux 
k = heterogeneous decomposition rate per unit mass 
M = mean molecular mass of the gas 
p = pressure of the gas phase 
p = capillary pressure 
r = radial location of the fluid element 
r' = heterogenous decomposition rate 
R = characteristic radius of the macropores 
Ru = universal gas constant 
t - time 
T = temperature 
V = mean velocity of products m J r 
x = nondimensional radial location 
y = pore length 
Y = void fraction 1
 v 
6 = tortuosity factor 
e = nondimensional parameter 
n = nondimensional distance 
0 = contact angle 
u = viscosity coefficient of the gaseous products 
u, = viscosity coefficient of the liquid hydrazine 
£ = nondimensional distance 
X = nondimensional distance 
p = mean density of the gas phase 
(p.) = density of gaseous hydrazine in equilibrium with the 
™ liquid phase 
a = surface tension 
T = nondimensional time 
<j> = nondimensional pressure. 
A = hydrazine 
i = interphace 
ign = ignition 
1 = liquid 
max = maximum 
* = reference values. 
1 .-
IGMZTION PELA^ OF HVVRAZ1NE MONOPROPELLANT THRUSTERS 
I. INTRODUCTION 
The ignition mechanism of hydrazine monopropellant thrusters 
1 
has been adscribed to the transient processes occurrying in the 
interior of the catalyst particles filling the decomposition cham 
ber of these thrusters. 
These catalyst particles are manufactured by depositing an 
active material - iridium for the Shell 405 catalyst - on a porous 
base structure, usually alumina, this base structure consists of 
an inmense tangle of capillary tubes whose diameters range from a 
few to some hundreds of Amstrong. 
When liquid hydrazine is injected in the decomposition 
chamber of a thruster, it flows through the interstices between 
the catalyst particles, and, at the same time, penetrates in the 
interior of the particles by capillary action. Hydrazine vapor-
izes at the interphace, that is formed in the interior of the 
particles, and then decomposes when the molecules, in the gaseous 
phase, contact the active sites in the walls of the pores, to 
give ammonia, hydrogen and nitrogen. These gaseous products are 
retained inside the particles by the blocking action of the 
liquid filling the outer shell of the particle. 
Besides, and due to the large value of the capillary pres-
sure in those small capillary tubes,the gas liquid interphase will 
2.-
advance towards the interior of the particle while the decomposition 
of hydrazine proceeds; both mechanisms, the continuous source of 
gaseous products at the walls of the pores and the decreasing of 
the available volume for these products brought up by the advancing 
interphase, will contribute to a pressure build up in the interior 
of the particle. • 
When the internal pressure equalizes the value of the capil-
lary pressure, the interphase will cease in its progression towards 
the center of the particle. Moreover, and since the decomposition 
mechanism continues, the value of the internal pressure will, ex-
ceed that of the capillary pressure and the interphase will receed 
towards the exterior being finally expelled from the particle. 
Since the pressure of the accompanying gaseous products is large, 
the observable characteristic marking the completion of the entire 
ignition process will be a sudden increase in the chamber pressure. 
This ignition mechanism has been recently treated by San-
1 
giovanni and Kesten , although the physics they use to describe 
the process seems questionable in several aspects. They assume, 
for instance, that the transport of the different gaseous products 
towards the interior of the catalyst particle obeys to a diffusion 
mechanism where the diffusion coefficients are spatially uniform. 
The results they obtain show, however, that the mass fractions of 
the different products of the decomposition of hydrazine can be 
considered as spatially uniform, but that there exists a severe 
3 .-
pressure gradient within the particle; both results automatically 
invalidate their assumptions. 
In the course of the analysis that follows, it will be 
shown that, due to the large value of the rate constant for the 
heterogeneous decomposition of hydrazine, this decomposition 
takes place in a very narrow zone adjacent to the gas-liquid 
interphace, so that the mass flux of gaseous hydrazine towards 
the interior of the particle can be truly adscribed to a dif-
fusion mechanism; however, the mass flux of the decomposition 
products towards the interior of the particle is mainly due to 
the convective motion that appears as a result of the existing 
pressure gradient and not to a diffusion process associated 
with mass fraction gradients. 
Analytical expressions are obtained for the ignition 
time, i.e., the time period between injection of liquid hydra-
zine and expulsion of gaseous products from the catalyst parti 
cles, which correlate well with available experimental results. 
This ignition time is obtained as a function of the character-
istics of the catalyst particle and of the initial conditions 
of the chamber for the Shell 405 catalyst. 
The theory does also predict the maximum internal pres-
sure, in a given catalyst particle, as a function of both, the 
initial conditions of the thruster and the particle size of a 
4 .-
given catalyst. This information can lead to criteria for choosing 
the particle size of the catalyst to be employed in a given mis-
sion so as to minimize an early crushing of the catalyst particles 
that would compromise the entire mission. Furthermore, the theory 
gives also information on the influence of the different parame-
ters - in particular, the size a of the particles, characteristic 
value of the radius R of the macropores, and the initial tempera-
ture of the catalyst bed - on the maximum pressure that can be 
expected in interior of a catalyst narticle during the ignition 
period. 
As a byproduct of the analysis,but by an means less impor-
tant,' the theory does also provide an explanation for the pres-
sure spikes observed in the ignition of hydrazine monopropellant 
thrusters. Although it was mentioned before that at the end of 
the induction period, liquid hidrazine is expelled from the cata-
lyst particles, this expulsion takes place only thru the pores 
in the macropores range. The catalyst is a porous particle with 
pore sizes ranging from the micropores (10 A) to the macropores 
o 
(104 A) being the mean pore size well within the micropore range 
for which the capillary pressure is extremely large. Therefore 
at the end of the ignition period liquid hydrazine in the macro-
pores is expelled from the particle although the liquid in the 
micropores is retained in the particle because the internal pressur 
is not large enough to overcome the high capillary pressure of the 
liquid in these micropores. The situation of the catalyst parti-
cle at the end of the ignition period can then be physically 
5 . -
visualized as a particle whose most outer part is v.etted by liquid 
hydrazine and is surrounded by an stagnant gas film at high pres-
sure. The liquid retained in the particle keeps vaporizing and 
decomposing, so that, as long as there is liquid in the particle 
there will be a feeding source which will keep the chamber pres-
sure at a level well above the nominal pressure. 
Naturally the strength of the pressure spikes will depend 
on the characteristics of the catalyst as well as on the operating 
conditions of the thruster and catalyst bed packing. For instance, 
if the mass flow is such that the time needed to fill the inters-
titial volume of the chamber is smaller then the ignition time,the 
pressure spikes will appear at full strength,since the gaseous 
products expelled from the particles can not expand at the begin-
ning of the process; if, by the other hand, the ignition time is 
smaller than the filling time of the interstitial volume, then, 
it will be observed a smooth excursion of the chamber pressure 
above its nominal value. It is also evident that for a given mass 
flux, a more compact catalyst bed packing will favour the presence 
of well defined pressure spikes. 
II. PRESSURE BUTLV-U? IN A CATALYST PARTICLE 
In order to calculate the pressure build-up in the inte-
rior of a catalyst particle, it will be considered that the gase-
ous products which, as it will be seen later, appear in a narrow 
6.-
zone close to the interphase as a result of the heterogeneous de-
composition of hydrazine, are convected towards the interior of 
the particle due to the existing pressure gradient. 
It will be assumed that this convective mass transfer is 
only relevant for the macropores for which the flow can be de-
scribed during most of the ignition time, by a Poiseuille type 
of equation. The role of the micropores, in this model, would be 
to provide an empty volume to be filled with the gaseous products 
Therefore the mean velocity of the products, v , along 
the radius of the catalyst particle is given by 
R' 3p 
m !u <5 3r 
(1) 
where 
R = 
i = 
g 
6 = 
characteristic radius of the macropores 
viscosity coefficient of the gaseous products 
tortuosity factor (*) 
p = pressure of the gas phase 
r = radial location of the fluid element. 
The mass flux, per unit surface normal to the radius of the 
catalyst particle, can then be written as 
J = p Y v g ' v m 
p Y Rz 8p 
g v 
V 5 3r 
(2) 
where 
(t
"' Defined in (12a). Its value is of order one2 
7.-
J = mass flux of gaseous products per unit surface normal to 
the radius 
p = mean density of the gaseous phase 
g '' 
y = void fraction 
v ~ 
y , the void fraction, is introduced here so as to take into ac-
v ' 
count the fact that in the unit volume of the catalyst particle 
only the fraction y can be filled by the gaseous phase. 
Eq.2 can be written in a more convenient form when one 
uses the equation of state for the gas, namely 
where 
* v 
M = mean molecular mass of the gas 
R = universal gas constant 
u B 
T = temperature 
so that, by using eq (3), eq (2) can be rewritten as 
(3) 
J • -
y MR' 
v 
8 u 5R T 
g u 
pVp U) 
The mass conservation equation states that 
3t + v , j •• d. (5) 
and, therefore, the equation giving the pressure evolution in the 
interior of the catalyst particle will be obtained by introducing 
8,-
in eq C5) the density and the mass flux vector in terms of the 
pressure as given by eqs C3) and C O ; the pressure equation will 
then be: 
12. R' 
3t 8v 
g 
y- V . (pVp) (6) 
where it has been assumed that during the ignition period the tern 
perature does not significantly depart from its initial value. 
This assumption will be justified at the end of the study. 
The non-dimensional form of eq.6 can be obtained when one 
uses the following non-dimensional variables 
* = p/p , x = r/a , T = -
8y 6a2 
g o 
(6a) 
where 
p = capillary pressure corresponding to the macropores 
a = radius of the catalyst particle. 
With these variables eq (6) can be written as: 
3<J> 
3x 
- V . UV<|>) = 0 (7) 
or, using spherical coordinates 
3<t> 
3T 3x 
(«2* -£-) • o (8) 
9.-
which has to be supplemented with appropriate initial and bound-
ary conditions. 
By assuming that, initially, the catalyst particle is in 
a neutral, non poisoning, atmosphere, which eventually could be 
a vacuum, and that, at a certain instant of time liquid hydrazi_ 
ne is injected and completely surrounds the catalyst particle, 
the appropriate initial condition for eq (8) is 
at T = 0 , $ = <J> (eventually <J> = 0 ) (9) 
o o 
The boundary condition to be fulfilled at the center of 
the particle simply states that the slope of the pressure dis-
tribution must vanish at r =0 , namely, 
i 
at x = 0 , -|^~ = 0 (10) 
o X 
The remaining boundary condition must be imposed at the 
interphase, and it states that, at the moving gas-liquid inter-
phase, the mass flux of products towards the interior of the 
catalyst particle must be equal to the mass flux of gaseous hy-
drazine resulting from vaporization at the interphase and trans 
ported by diffusion towards the interior. 
The mathematical form of this boundary condition is, in 
physical variables 
at r = a.(t) , pg (vm + -!i) = DA - ^ -
10.-
It has been considered here that, in the region close to the 
interphase, and due to the first decomposition rate, the spatial 
variation of pressure is entirely negligeable compared with that 
of hydrazine concentration. 
r = a^(t) donates the radial location of the interphase at 
the instant of time t and subscript A refers to hydrazine. 
Using the non-dimensional variables defined above, to-
gether with C. which is the hydrazine density made non-dimensional 
with the density of gaseous hydrazine in equilibrium with the 
liquid phase, (p, ) , it is 
A Vp 
UA _ ~Tp7) 
A vp 
and taking into account that the diffusion coefficient D. is a 
function of the internal pressure of the form: 
D =
 D
*P* 
A P 
where D*p* behaves here as a constant^'the boundary condition 
above can be written in a non-dimensional form as: 
at x = x . (x ) , <{r 
3<j> dx . 
1 
3x dt 
D*p*(p . ) R T8y <5 r
 A vp u g 
MR2p3 
3C, 
(11) 
3x 
In order to solve eq (8) with initial and boundary condi-
tions given by eqs.9-11, it is necessary to find the pertinent 
vn—T 
This constant is taken from ref.l and its value is 
0.0J+87 T 1' 8 2 3 Nw./seg. 
'^'•im**'W.^Mc»?«.'.**j.'y-vrxfir'rrHm'yv---'^-'nm^,irmmmeaf^m'^'rT'iw^%"<r^3^pi'r v-"*"r^ -r-rsT«it^ '"rTet'**" 
11.-
values for the position of the interphace as a function of time, 
namely, X.(T) and, at the same time, the value of the slope of 
the hydrazine concentration distribution measured at the inter-
phace. This will done in the following sections. 
III. INTERPHACE PENETRATION ANALYSTS 
The radial position of the interphace within the catalyst 
particle and along a pore of radius R, can be described by the 
Poiseuille equation, namely: 
8y
 t dy _ 2acos9 
y -±LL_ = — " .
 p ( 1 2) 
dt R 
where 
V^ = viscosity coefficient of liquid hydrazine 
R = pore radius 
0 = surface tension of liquid hydrazine 
9 = contact angle 
y = pore length, measure from the surface, wetted by liquid 
hydrazine. 
It is obvious from this notation that the radial position 
of the interphace can be related to y through the tortuosity fac-
tor <5 by means of the relation: 
a i ( t ) = ao " 6y (12a) 
Using the non-dimensional variables previously defined, 
12.-
eq (12) may be written as: 
dx. v 
- (1 -x.) -j-i- = 63 - ~ S - (1- *) (13) 
l dx y jj_ 
and the initial condition that x. has to satisfy is that 
at x = 0 , x i = 1 (14) 
Eq.13 with this initial condition determines the radial 
location of the interphace as a function of time. Since the non-
dimensional pressure <f> enters in the right hand side of this 
equation, it means that eq (13) is coupled with the equation de-
termining the pressure build-up in the interior of the particle 
and both of them will constitute a set of coupled differential 
equations that can not be solved separately. 
IV. DISTRIBUTION OF GASEOUS H/PRAZINE IN THE INTERIOR OF THE 
CATALYST PARTICLE 
By using spherical coordinates, the equation describing 
the transient mass transfer of hydrazine in the interior of a 
catalyst particle is given by the equation 
9
 , o 3 pA / p<* 3 p A fpD.r2—^—4 — = r' C15) 9r ^e A 8r ; 9t A v ; 
r 2 
where, as mentioned before, D. is the diffusion coefficient of 
13.-
gaseous hydrazine in its own products of decomposition (mainly am 
monia), which, when the flow field can be described as a conti-
nuum varies as the inverse of the pressure field, r' is the het-
r
 A 
erogeneous decomposition rate of hydrazine which, for the range 
of temperatures of interest for ignition studies, can be written 
as, assuming that it is proportional to the density of the gase-
ous hydrazine p ; r' = k-(T)p Cfor k see page 26) 
A A A S 
The initial condition for eq.(15) states that at t = 0 , the con-
centration of hydrazine in the interior of the particle is every-
where zero, i.e., 
at t = 0 P A O ) = 0 (16) 
The boundary condition at the center of the particle is a condi-
tion of symmetry, namely 
3p 
at r = 0 A 3r = 0 (17) 
and the boundary condition at the interphace establishes that the 
concentration of gaseous hydrazine at this location must be the 
corresponding to the gas-liquid thermodynamic equilibrium, i.e., 
at r = a.(t) (p.) (see page 26) A vp r & (18) 
where (p.) is. given, a,s. a, function of only the temperature, by 
the Clausius-Claoeyron equation. From the previous equations: 
14.-
D-p: 
a2p k 
o^c s 
X ax 
2 A 
Li 3x 
*
2P, 
8u 6a2k g o s 
3C, 
= C 
8T 
(19) 
T = 0 C. = 0 (20) 
x = 0 
3C 
a x 
(21) 
x = x.(T ) C = 1 (22) 
D*p' 
Now, and since >> 
a2p k 
or c s 
R2p C*) 
c 
, it means that of the end 
8v 5a2k g o s 
of a very small initial period of time, the distribution of hy-
drazine concentration will reach the steady state, given by the 
solution of the equation 
D*p* 
a2p k 
orc s 
3x 
1 9CA 2 A 
dx 
C23) 
with boundary conditions 
at x 
3C 
3x 
(24) 
and at x = x . (T ) C = 1 (25) 
Again, and since the parameter D*p< 
( * ) 
a^p k 
o*c s 
i s a q u a n t i t y much 
T y p i c a l v a l u e s of t h e p a r a m e t e r s a r e in page 2 6 , and y ^ 10 poise. 
15 
smaller than one; the problem is of the boundary layer type and 
the reaction zone, where the concentration of hydrazine is dif-
ferent from zero, will be very narrow and, moreover, this thin 
reaction zone will be located adjacent to the interphace. 
By introducing the variable n, defined as, 
X] = (x.. - x) 
a 2k p 
o s r c 
D*p* 
(26) 
eq (23) with boundary conditions (24) and (25) becomes, in the 
,2i 
first approximation, in the case in which 
large 
1 
azk p 
o src 
D*p* 
is very 
32C 
<(>. 8TV 
= C , (27) 
with boundary conditions, 
at n « 0 C =1 (28) 
9C 
and , when n -*• °° 
9n 
= 0 (29) 
whose solution is 
C. = e 
A 
V<()i n 
(30) 
where, <f . is the value of the non-dimensional pressure, at the 
interphase. 
16.-
Therefore, introducing the value of n given by eq.26, into 
eq.30 we get 
C. = exp 
A F 
a2k p 
(x-x.)\U. -^Ac^ l \/ i D •> p" (31) 
so that the derivative, with respect to x of the non-dimensional 
concentration of hydrazine, takes the following value at the in-
terphase 
ac 
( - ^ ) /<j) 
x = x . 
l 
a2k p 
o s^c (32) 
V. GQVERN1HG EQUATIONS 
With the results obtained in section III and IV, the evo-
lution of the internal pressure as a function of time will be 
given by the solution of the following set of equations 
9<J> 1
 ^ f v 2 A 9* 
3T 2 a **'
 T 9
*
J 
x^ 3x 
(** S ) - o (3 3) 
dx 
(1 - x , ) i, dr 
-I_ *3 «J(1-|) (34) 
with initial conditions 
at T = 0 (J) = 0 x. = 1 
i 
(35) 
and boundary conditions 
17.-
at x = 0 
9$ 
3x = 0 (36) 
and at x = x . (T ) , 
3/2 ., dx . 3* l 
3x + dT" 
8R Tu 6a 
H § 2_ (p ) /D*£*F 
MR 2p 5 / 2 vp 
(37) 
As it can be seen from eq. 37, the second boundary condition is 
imposed on a location that is a function of time. To facilitate 
the integration of this system, of differential equation, the 
following change of variables will be done so as to have both 
boundary conditions imposed at fixed locations: 
S = x/xjCt) , T = T 
so that 
3 
3T 
X 
3 
3T 5 
3 x d x . 9 
l 
95 xT dx 9x 
5 d x . 3 I 
x . dx 35 
l 
3x 95 
and the set of eqs 33-37 can be written, in terms of these new 
variables as follows: 
3<}> dx 3* 
3T dx 35 x' 35 
52<f> M 
95 
(38) 
18.-
dx 
- (1- x.) - ^ 
1 ax 
-£- 63 (I-*) (39) 
with initial conditions 
at T = 0 , <|> = 0 , 
and boundary conditions 
x. = 1 
l 
(40) 
at £ = 0 
and at 5 = 1 
,3/2 
1 9* dx. 
x. 35 
l 
d£ 
'd<J> 
3S 
= 0 
8R Tn 6a 
§ — (p ) /D*p*k 
MR2 p 5/2 A vp s 
(41) 
(42) 
that constitute the mathematical problem corresponding to the phys_ 
ical model for the pressure build-up in a given catalyst particle. 
The solution of this mathematical problem will be sought by 
means of a perturbation analysis. 
VI. SOLUTJOU OF THE MATHEMATICAL PROBLEM 
In order to solve the mathematical problem described by the 
set of equations 38 and 39 with initial and boundary conditions 
given by eqs. 40-42, one realizes that, in a first stage of the 
pressure evolution, the internal pressure in the catalyst parti-
cle will be much smaller than the capillary pressure of the liquid 
in the macropores, indicating that the non-dimensional pressure <J> , 
19.-
will be, in th_£a fira-t a-tftge, -much, smaller than one. 
Besides, and for conditions relevant to first starts of 
hydrazine monopropellant thrusters, the value of —2. 63 is of the 
_2 
order of 10 , which is also the order of magnitude of the right 
hand side of eq.42. Therefore, by calling 
63 = e 2 (t2a) 
one can set 
8R Tu 6a 
S
— — CpI)„ri/D*p*ks = Ae2 
M R 2 p 5/2 ** vp 
0 2 b ) 
where e is a small parameter of order 10 and A is a parameter 
whose value, of order one, depends on the initial temperature 
and on the characteristics of the catalyst particle. 
When one attempts the solution of the problem by perturba 
tion schemes where the small parameter is e , it is easy to see 
that, in a first stage the appropriate variables are the following 
• = 
T = 
-4/5 
e T. 
1 3/5 1 - e x, 
with 6 , T , Y of order one at this stage To * o o 
20. 
Introducing these variables in eqs. 38 to 42 and taking 
the limit e -»• 0 , the equations giving $ and * become, in the 
first approximation 
3<fr 
3T 35 
9 4 
35 
= 0 C43) 
dX. 
Lo dx 
(44) 
with initial and boundary conditions 
at T = 0 
o 
• _ = o , x = o 
o o 
(45) 
at 5 = 0 
3$ 
35 = 0 
(46) 
and at 5 = 1 
/ 3* 
(47) 
The exact solution of this simplified problem would still 
require a numerical solution; however, if one is only interested 
in the asymptotic behavior of the solution for T •+• <*> , this be-
havior can be found from the following physical considerations. 
Due to the feeding action indicated by the r.h.s. of eq.47, the 
non-dimensional pressure will increase so that when T is large, 
9<f,o 
-r—— , evaluated at 5 = 1 , will be very small; this together with 
the fact that the slope of the pressure distribution is zero at 
21 
C = 0 , indicate that this pressure distribution will asymptotical^ 
ly reach a uniform state. But if <t> tends to <J> ( T ) , equation (43) 
o o 
can be integrated with respect to £ - by multiplying both terms 
by C2dC and integrating between £ = 0 and 5 = 1 - to give 
so that, when x ->• 
* o 
d
*o _ ,.4-l/2 
•9* (¥'.> 
2/3 
(48) 
Ao o 
(49) 
This asymptotic behavior for the first stage has the advantage 
of being independent of the initial condition which, formally, 
could depart from the values given by eq.45 if one takes into 
consideration the very early stage of the pressure evolution in 
which the flow can not be described as a continuum. 
Nevertheless,the description of the pressure build-up given 
by eqs.(48) and (49) will, of course, fail when both x a n^ <)> 
have grown so much as to make some of the terms neglected of the 
same order of magnitude of the terms retained. 
The problem turns out to be a singular perturbation problem, 
since the solution already found is not uniformly valid for all x . 
In a second stage, the appropriate variables for the de-
scription of the pressure evolution are obtained from the matching 
22.-
requirements with the previous stage. These variables are: 
* = * H C T I ) + e 2 * 1 2
(
^ »
T i ) (50a) 
T = e x. (50b) 
X . = X . 
1 1 
(50c) 
with <|>11 , <J> _ , x and x. all of orderone. 
When one introduces these variables into eqs . (38) to 0+2) , 
these equations become, in the limit e-* 0 , 
d<j> 11 
d-r. K 
z2* 
3$ 12 
11 9£ (50d) 
dx 
(1- x.) - r -
l dx. 
1 _ $ 11 (51) 
with the initial and boundary conditions, 
at i . -*• 0 1 
at 5 = 0 
, <J> and x. are given by the matching conditions 
with the previous stage 
3<j> 12 
3? 
= 0 C5 2) 
a t 5 = 1 <J> 3/2 11 
1 3<J> 
H 
12 d x i 
— + 577 = A (53) 
By multiplying both members of eq.(50d) by £ d5 and inte-
23.-
grating from £ = 0 to E, = 1 , making use of the boundary condition 
given by eq.(53), one obtains: 
d<j> 11 
dx. 
dx 
11 dx. 
Therefore, the evolution of the internal pressure is given 
In this second stage by the following equations: 
d<5 11 
dx. x . 
l 
dx . 
I 
>\il 11 dx. 
(5i+) 
dx. 
l 
"dxT" 
•ll 
1 - x . 
l 
(55) 
with initial conditions, obtained from the matching conditions 
with the previous stage, namely, 
?hen 9A ^
2/ 3 
Tl * ° ' *ii * i~T Tii x. + 1 
I 
/2- (56) 
In order to gain some insight on the nature of the solu-
tion i one can expect from this set, of two coupled ordinary dif-
ferential equations, in fig.la, lb, 1c , are represented the flow 
lines in the phase plane. 
From this figure one can see that <j>.
 1 increases while the 
interphace moves towards the interior of the catalyst particle 
24.-
until $11 reaches the value of 1, at the moment in which the inter 
phace also reaches the maximum penetration depth. From this mo-
ment on, the interphace receeds towards the exterior while the 
pressure increases until <J>\\ is such that 
1 + 
3/2 
$11 d-^l 1 ) 
corresponding to the maximum value of the internal pressure. The 
interphace keeps receeding and the pressure decreasing until the 
liquid is expelled. At this time the internal pressure is above 
the capillary pressure. This final pressure is almost equal to 
the capillary pressure for values of A of order of or smaller 
than one; there is only a significant difference between the fi-
nal pressure and capillary pressure for large values of A. See 
figures la, lb, lc. 
Therefore one can infer from this qualitative picture 
that the expulsion of liquid hydrazine will take place at this 
stage, that the internal pressure when this expulsion occurs, 
corresponds almost always to the capillary pressure of the liq-
uid in the macropores, and that the maximum internal pressure 
is greater than this capillary pressure. 
To obtain a quantitative result,the set of equations (54) 
to (56) were numerically integrated using a WANG 700 B desk cal-
culator, for different values of the parameter A of relevance for 
25.-
the present study. The results of these Integrations have been 
plotted in figs. 1, 2, 3 and 4. Analytical solutions of equations 
(54) to (56) have been obtained by using singular perturbation 
methods for large and small values of A CSee Appendix A ) . In fi-
gures la and 1c a comparison is made with the numerical results. 
In fig.2 it has been represented the time T.. required 6 r
 lign, ^ 
to complete the entire process,as a function of the parameter A. 
The asymptotic value of T.. for large values of A (see appen-J
 r
 lign & 
dix A) is given by 
0.478 
lign 
(57a) 
that gives relative errors smaller than 4% for values of A larger 
than 50. 
For small values of A Csee appendix A) the asymptotic ex-
pression 
2/9 
T.. • 
1 " f—\ 1 111' 
lign 2 
(57b) 
gives relative errors smaller than 4% for values of A smaller 
than 0.1. 
For values of A larger than 0.7 the function 
T, . lign 
0.46 (57c) 
correlates the value of T „ . as function of A with relative errors 
lign 
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smaller than 4%. In this case the ignition time, defined as the 
time period between injection of liquid hydrazine and expulsion 
of the gaseous products from the catalyst particles will be given, 
in physical variables, by the expression: 
Ma p 3' 2 
o*c 
t. = O.1+6 — — — — - (58) 
l g n R
„
TCp,) 'D*p*k 
U A vn s 
where 
P 
2acos6 
c R 
M = mean molecular mass - 0.017 Kg/mol 
Ru = 8.317 Joules/mol °K 
(p ) = 2.4944x 108T_1exp(-5175/T) Kg/m3 
A
 vp 
D*p* = 4.487 xio" * T 1 * 8 2 3 Nw/sg 
k = 1010exp(-1389/T) 1/sg 
s 
a = 0.07312 Nw/m 
1 
Using these values, taken from ref , the values of A and T given 
in formulas (6a), (42a, b ) , (50b), and the results given in fig.3, 
the ignition time t. , has been plotted as a function of the ini-
tial temperature for different values of the characteristic radius 
of the macropores, for a catalyst particle whose radius is of 
it 
0.6 mm (25-30 mesh size is plotted in Fig.3a) . 
Formula (58) gives a good approximation to the results pre-
sented in fig.3 except for small values of temperature and macro-
In plotting Figs. 3,3a the values of A have been taken from the 
correlations (57a, b,c). 
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pore radius (region to the left of the dotted line in figure 3)': 
Comparison of the residence time of liquid hydrazine in a 
given catalyst particle, as given by expression (58), with avail-
able experimental results for the ignition time in hydrazine mono-
propellant thrusters using the Shell 405 catalyst shows a fairly 
good agreement between theory and experiment, indicating that the 
ignition time can be truly adscribed to the proposed mechanism. 
Therefore the pressure in a given catalyst chamber will depart 
from the nominal value as soon as the liquid hydrazine is expelled 
from the catalyst particles. 
Finally, and as it was mentioned before, the internal pres-
sure in the catalyst particles reaches a maximum value before the 
expulsion of gaseous products occurs. In figure 4, the maximum 
value of the non-dimensional internal pressure has been plotted 
versus the parameter A. The limiting value of the maximum non-
dimensional internal pressure is 5/3 for large values of A (see 
Appendix A). 
As it was already mentioned before, it is important to know 
the value of this maximum internal pressure and to compare it with 
the crushing pressure of the catalyst particle, so as to ensure 
that, in a given mission, there will not be cracking of the cata-
lyst particles . 
It is also of much importance to see the influence of the 
different parameters (in particular the size a of the particles, 
* In fig.3a obtained directly from (58) a comparison with results 
of ref.l is given. 
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characteristic value of the radius R of the macropores and initial 
temperature of the catalyst bed) on this maximum pressure within 
the particle. To this end, the following analysis is performed so 
as to determine the effect of small variations of these parameters 
in the maximum internal pressure 
p = T5 <J> 
max - c max 
2crcos9 
R 
(}> (A) 
max 
where <J> (A) has been plotted in fig. 4 with A given by 
max 
1/2 
iRuTVlR ao (p.) /D*p*k 
M(2acos6)5/2S2 A V p 
(59) 
therefore, and since 
3D 
max 
3R 
max 
2c7cos0 d<j> 
R 
max 
dA 2R 
3p 
max 
3a 
^DCOS 
R 
d* 
max 
dA 
3P 
max 
3T 
2ocos6 d<t> 
max 
dA 
where T. is the apparent activation temperature -T = 5869.5"for 
A A 
the Shell 405 catalyst -, the relative change of the maximum in-
ternal pressure, with changes in R , a and T , can be written as: 
=
 to
 o o 
The value of TA is obtained (pag.26) by adding the activation tern 
perature of (p.) and half of the activation temperature of k . A vp ^ s 
2 9 . -
A p . , d<j> AR A d$ Aa 
r n a x c 1 A max\ max o p <• 2 <j> d A ^ R <f> dA a 
r m a x max max o 
T. A d(f> A T 
A max o , _ . . 
+
 "AT $ dA f — ( 6 0 ) 
o max o 
From Fig.4 it can be seen that the quantity 
dcf> 
max 
(j> dA 
m a x . i • 
keeps a value smaller than 0.076, for values of A relevant for 
first starts of hydrazine thrusters. Therefore the most drastic 
changes in the maximum internal pressure within a catalyst par-
ticle can be obtained by increasing the characteristic size of 
the macropores. It can also be seen that the term within the 
parenthesis of the first term of equeition (60) is positive, con-
sequently an increase in R leads to a reduction of p 
^
 J
 *max 
Changing the size of the catalyst particle a has, compar 
atively, a much smaller effect on the value of this maximum in-
ternal pressure. 
The maximum internal pressure can also be changed by 
heating the catalyst bed prior the ignition. The effect of in-
creasing TQ depends on the value of A. If A is of order one, 
then T./AT is of order of 20 for T ^270°K, so that the effect A o o ' 
30 
of changing the initial temperature of the bed is similar to 
change the radius of the characteristic macropores. If by the 
other hand A is of order of 10, then increasing the initial 
temperature does not change the value of the maximum internal 
pressure in a significant way. 
To allow an easy application of the above obtained re-
1/2 
suits we also include a graph of A62/R a as a function of 
temperature (Fig.5). This has been obtained from equation (60) 
where the following correlation for the viscosity of liquid 
hydrazine has been taken 
log1nyn(poise) = - ^ 3,844 (ref.3). 
1 U X
 T(°K) 
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A P P E N D I X A 
kbymptotlc knaly&li, oi the. Unitzady BthavZon. 0)J Catalytic ?OLfiticl<Li> 
The equations giving the evolution of the pressure <j> (nondimen_ 
sionalized with the capillary pressure) and the liquid hydrazine pen_ 
etration radius x (nondimensionalized with .the particle radius) in 
terms of the nondimensional time x are i 
d<|> _ 3 1-x A 3 
dx x 1-* (j)1/2 • CD 
dx _ _ 1 - $ 
dt ~ 1-x 
(2) 
The first term in the right hand side of Eq.(l) represents the 
effect on the increment of pressure of the hydrazine vaporization 
and subsequent reaction. The last term represents the increment in 
pressure associated with the isothermal compression of the gases 
that have been generated previously. In equation (2), (1-<|>) is the 
difference between the capillary pressure and the internal pressure, 
or dri-ving force for the motion of hydrazine toward the interior of 
the particles. 
These equations are to be integrated with the initial condi-
tions 
<|> = 0 and x = 1 at T = 0. (3) 
2A 
Let us now look for the asymptotic solution of Eqs.(l) to (3 
for small values of A. 
There is a first stage for values of <J> of order A2'3 and x 
and x of order 1, so that we shall introduce the variable ij» such 
that 
$ = i^A2/3 (4) 
so t h a t E q s . ( l ) and ( 2 ) r e d u c e i n f i r s t a p p r o x i m a t i o n t o 
d
* -
 3 1
"
x
 - - 1 - * (5) 
dx x i j i 1 ' 2 x 
dx ( 6 ) 
d t 1-x 
Eq.(5) can be integrated with the initial condition • = 0 at x=l 
to give 
*3/ 2 a _2__ x-9/2 + _JL_ x . , ( 7 ) 
while Eq.(6) wi-th the initial condition x(0) = 1 gives 
x = 1 - /Tx (8) 
Eq.(8) ceases to be valid for x close to 1/2 when x becomes 
so small that ty becomes large and we can no longer neglect the 
counter pressure <(> in Eq.(2). Then in a second stage when x is 
very small and <j> of order unity the equations to be solved are 
*r-Ky*7WWiir,rrT»r'iiw;'TfTf.':•' ly.-?-
3A. 
according to (1) and C2), for the first approximation 
d<ft 
dx (9) 
and 
dx 
dx - 1 
(10) 
Equation (9) can be integrated to yield 
$ = ex -3 
where the constant of integration c has to be chosen as c=(2A/ll) 
from the matching conditions with the solution (7). 
2/3 
Then 
f2A"i2/3 -3 (11) 
when this result is used in connection with 
d<|> 
dt Hi-*) 
which r e s u l t s from Eqs . ( 9 ) and ( 1 0 ) , we o b t a i n 
(12) 
rll\2/9( l-l _ 1 r 
^2P tT_ V ~ 3 J~T7 
AL 
-•' 
UK i
 l n f i - « 1 / 3 > 
• ' ( ! - • ) . 1 / 3 , 2 / 3 
a r c t g , 1 + 2 * 1 / 3 v 1 1 &_ ( n )+ a r c t g 
/? /J /? /? 
C13) 
The integration constant in Eq.Cl3) was chosen from the matching 
4A. 
conditions with the previous stage. Thus the second stage is of 
2/9 
duration of order (2A/11) ' and centered around x= 1/2. 
Again the solutions(11) and (12) cease to be valid when <j> be-
comes so close to 1 that Q , 
6 s U-l)/A (14) 
is of order unity. In this case x is very close to x such that 
®y 
2/3 
x = 1 
o 
(15) 
Then in a third stage Eqs.(l) and (2) reduce to 
Ax d9 1-9-x 
dx 
(16) 
so that 
9 (1-x )ln(l-x -9) = - - ln(x/x ) 
o o . o A 
(17) 
where the constant of integration has been chosen from the matching 
conditions with the solution Eq.(ll) of the previous stage. 
During most of the second stage when 9 is of order unity but 
not too close to 1 and x <<1, Eq.(17) simplifies to 
9 + In (1-6) s - — 
x-x (18) 
To obtain 9 as a function of time, we take Eq.(17) or (18) into th( 
5A. 
s i m p l i f i e d form 
d ( x / x ) 
*o d ( A t ) = 9 ( 1 9 ) 
of E q . ( 2 ) so t h a t we o b t a i n 
x de 
and the constant of integration has to be obtained from the pre-
vious solution 
3(T-1/2) 
6 - 1 = 1- e Xo (21) 
with B = 3/3* expf-3 (arctg /3~ - arctg — } } . 
/? /3 
The length of this stage is thus of order x or A2'9, thus 
very short. 
Finally a last stage exists when x is of order unity and 8 
still of order one, where equation (1) reduces to 
e = (1 - x) (22) 
and Eq.(2) reduces to 
d
* - 1 . ( 2 3 ) 
d ( A x ) X W3) 
9 + 1 = A ( T - 1 / 2 ) ( 2 4 ) 
so t h a t 
x - x = A Ct - 1 / 2 ) ( 2 5 ) 
o 
" I B M * * !W*t&9 i1W.fi tQg''«g«*'.i*wv«Ear^'i*arBi!iir^ a-** •*> !,»•«»•»:•• 
6A. 
in first approximation,so that finally the ignition time would be 
given by 
1 - x 
(26) 
Asymptotic solution for large values of A. In this case th 
penetration of liquid hydrazine 1 - x is small of order 1/A ' and 
occurs during the characteristic time 1/A so that we shall use th 
variables 
£ = A l / 2 (1-x) and AT 
Then Eq.(l) becomes in first approximation 
d<f> 35 
dc ( 1 - < { > H 1 / 2 
( 2 7 ) 
so that the effect of the isothermal compression is negligible. 
When we integrate (27) with the boundary condition <t> = 0 at 
? = 0 we obtain 
2 3/2 
3 * 
2 A5^2 
-
3
 c2 
2 % 
(28) 
On the other hand from Eq.(27) and (2) we obtain 
_dj>_ 
dx ,1/2 
so that 
,3/2 _ 
= 3AT 
(29) 
7A. 
or 
9A ^ 3 
* = (-5- T> (30) 
max 
The maximum value of $ occurs for 5 
5/3 ,, and the ignition time 
0, so that 
r5^ 3 / 2 2 1 
A second approximation for <j»(t) is given by 
( 3 1 ) 
9 / A 3 5 
1 + Cl-<fr)<l> 
3 / 2 
^ , 3 / ? r« 2 
^
3 / 2
 {1- 4 0 
a second approximation for <j> (§ ) is given by 
(|}V/2 1
 - 5 * 
^2
 + J- J 4> difr 
^ 0
 / I 7 T 
• 
The values of <j> at £ = 0 which is given in first approxima-
tion by (j> = 5/3 
in second approximation is 
+ . 
and 
/A 
5/«t 1 V * 3 / 2 2 5 / 3 1/1+ . , , - , -
0(|} 7 ( | ) = / • d * - ^ ' f u du 
= ( ! ) / 
/1-1- * /r • & 
5/" r©r( l ) 
M J ) 
'i\ " ! 7 ** r l l 2 0 , 9 0 6 . 1 , 772 
0 , 9 1 9 • • © ' " " © - • : • . ; : - • 3.-6 
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As it happens sometimes with asymptotic expansions, the second 
approximation does not make the asymptotic solution closer to 
the exact solution, unless very large values of the large para-
meter are taken. This is due to the fact that the asymptotic 
expansions are not convergent. Consequently we have taken for 
the asymptotic solution corresponding to large A the results 
given in (28), (30) and (31). 
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THE HOMOGENEOUS GAS PHASE VEC0MP0S1TT0N OP HVVRAUNE 
BY SINGULAR PERTURBATION METHODS 
Author 3.1. UKn.u.ti.0. 
LIST 0? SYMBOLS 
c.. = non-dimensional molar concentration of species i 
k1 = rate constant of reaction i 
K1 = non-dimensional rate constant 
t1 = non-dimensional time 
e = small parameter in asymptotic expansions Cset equal 
to 10-2) 
£ . = normalized molar concentration at each stage,in the 
evolution 
T = normalized time at each stage, 
o = initial condition 
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THE HOMOGENEOUS GAS PHASE DECOMPOSITION OF HYDRAZINE 
BY SINGULAR PERTURBATION METHODS 
I . INTRODUCTION 
The thermal decomposition of hydrazine has been studied 
1-10 
extensively in the past and its decomposition mechanism is 
well understood especially after the work of Eberstein and 
Glassman 
This decomposition mechanism includes one initiation reac 
tion, three propagation reactions, two chain branching reactions 
and four termination reactions, so that an exact treatment of 
the evolution of the reaction, even in the simplest circumstances, 
would require a numerical type of solution. 
However, an analytical solution of the evolution of the 
reaction would give a considerably deeper understanding of th^ 
process and its resuls would be of practical significance. For 
instance, in hydrazine reactors with catalytical combustion chambers 
there is a first region in which the heterogeneous decomposition 
of hydrazine is the only mechanism capable of starting the reaction 
because the temperature there is practically that of the injected 
fluid and the thermal decomposition is, at these low temperatures, 
frozen. 
The chamber temperature increases along the axis of the 
chamber, so that at a certain section both mechanisms of heat re-
lease, heterogeneous reaction and gas phase thermal decomposition 
of hydrazine, can be competitive, and must be included in the 
study of the evolution of species in a given reactor. This study 
2.-
would be analytically intractable unless that the complicated 
kinetic mechanism of the decomposition reaction could be reduced 
to an overall reaction with an appropriate reaction rate. 
The aim of this paper is to see under what circumstances 
the complicated mechanism of the decomposition of hydrazine can 
be overlooked and the reaction mechanism described, to a certain 
approximation, by a single overall reaction with an appropriate 
reaction rate. 
The point of departure is that, when plotting the rate 
constants of the different elementary reactions playing a role 
in the decomposition mechanism, as a function of temperature 
(Fig.l), these rate constants differ one from each other by 
several orders of magnitude so that it seems appropriate to seek 
the solution of this problem bv perturbation methods in which 
the small parameters are ratios between rate constants . 
It turns out that the mathematical problem is a singular 
perturbation problem. Several stages are found in the course 
of the reaction and, at each stage, the detailed kinetic mechan-
ism of the reaction varies, so that different expansions are use 
for each of the stages and they are matched according to the 
rules of the method of matched asymptotic expansions. 
This paper concerns with the case in which hydrazine is 
initially highly diluted in He and the initial temperature of 
the gas mixture is 1000°K. Under these conditions the reaction 
can be seen to be composed of four stages. However, inspection 
of the appropriate time scales for each of the stages indicates 
that this decomposition reaction spends most of the time in the 
last of these stages. 
3.-
The appropriate stoichiometry of the reaction, under the 
said initial conditions, is shown to be: 
N 2 % - * I NH3 + I N2 + H2 
Although the analysis seems' to be somehow restricted to 
the particular initial conditions chosen, it shows, however the 
feasibility of extending the treatment to other initial condi-
tions . 
II . KINETIC SCHEME 
The gas phase decomposition of Hydrazine has been shown 
10 
by Eberstein and Glassman to involve the following substances 
and reactions in the temperature range from 750°K to 1000°K. 
Initiation Reaction 
1) N 2H 4 + X -* 2NH2 + X k1 = 1019exp -60000/RT c c / m o l e - s e c 
' r o p a g a t i o n R e a c t i o n s 
2) N2H4+NH2 NH3 + N 2 H 3 
3) N 2 H 3 + X -* N2+H2+H+X 
K) N2H^ + H - * NH3 + NH2 
0 1 2 e x p - 7 0 0 0 / R T 
xp r -20000/RT~| ,„13 10 e 
cc/mole-sec 
cc/mole-sec 
i *5 • — 
= 10 exp p 7 0 0 0 / R T "1 c c / mole — s e c 
C h a i n B r a n c h i n g R e a c t i o n s 
5) N 2 H 3 + X —* NH + NH2 +X 
6) NjH +NH —> NH2 + N 2 H 3 
k =10 exp 
14 k_ = 10 exp 6 
- 1 8 0 0 0 / R T I c c / m o l e - s e c 
10000/RT c c / m o l e - s e c 
4 . -
T e r n i n a t i c n R e a c t i o n s 
7 ) N H 2 + N 2 H 3 N H 3 + N 2 + H 2 
8) 2N2H —> 2NH3 + N 2 
9 ) N 2 H 3 + H - ^ N 2 + 2 H 2 
1 0 ) 2NH2 - > N 2 H 4 
k, 
1^0 
10 
= 10 
= 10 
= 10 
12 .5 
12 
15 
12 .5 
cc/mole-sec 
cc/mole-sec 
cc/mole-sec 
cc/mole-sec 
The analysis that follows concerns with the case in which 
hydrazine is extremely diluted in He , so that its initial molar 
_2 
concentration is of the order of 10 times that of Helium. 
Let c. be the molar concentration of substance i normal-
l 
ized with the molar concentration of diluent in the mixture, i.e., 
cl = ^ N 2 H U } / { X } 
{NH2>/{X} (NH3)/{x} 
c, = {N0H„}/{X> 4 2 d c5 = {«} / (X) cc = {NH} /{X> 6 
c? = (N2) / (Xl cg = {H 2}/ {X> 
Now, when the initial temperature of the mixture is of 
the order of 1000°K, it is apparent from inspection of figure 1 
that the rate constants differ one from each other by several 
orders of magnitude. Dividing each of these rate constants by 
kq , we get for temperatures close to 1000°K, 
Vk9 = V 
4.5 
Vk9 = V V k 9 = K7£ 
1.5 
V k 9 = K2e 
2.5 k5/kg = K5e V k9 = £ 1 .5 
k3/k9 = V k6/kg = K6e 
1.5 k1Q/k9 = K y £ 1.5 
5.-
where the K. are of order one and can be calculated once the 
1 
exact initial temperature is fixed, and e is an small number 
-2 
equal to 10 
Therefore, the nondimensional rate equations, given by 
the following set of differential equations: 
d cl „ 4.5 „ 2 .5 „ 2 „ 1.5 „ 1 .5 2 
— -- -Kl£ Cl-K2e c±c2-K2c clC5-K6e c ^ + K.e c2 
dc 
dTT = 2 K i e l + ' 5 c l - K 2 e 2 * 5 c l C 2 + K 2 e 2 c l C 5 + K 5 e 3 c 4 + K 6 e l ' 5 c l C 6 - K 7 e l ' 5 c 2 % 
1 5 2 
-
2 K 7 E C 2 
d
°3
 v 2.5 „ 2 „ 1 .5 J__ 1 .5 2 
d7~ = K 2 £ C l c 2 + K 2 e Cl°5 + K7 e c 2 C 4 + 2 e C4 
d C 4 „ 2 . 5 „ 3
 v 3 „ 1 . 5 „ 1 . 5 1 . 5 2 
— = K 2 e c l C 2 - K 3 e C l t - K 5 c c^+KgE ^ C g - K ^ C j C ^ e c ^ - c ^ 
dc 
d t 
5
 „
 3
 v 2 
" =
 K 3 £ S " K 2 E C 1 C 5 - C 4 C 5 
dc 
6 „ 3 1 . 5 
— = K 5 e C l + - K 6 e c ^ g 
7 3 1 5 1 5 2 
dT^ = K 3 G < V K 7 E ' C 2 C 4 + £ ' < W 5 
d C 8 3 1 . 5 
— = K 3 s c 4 + K v £ c 2 c 4 + 2 C l + c 5 
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where t1 is a non-dimensional time variable related with the 
physical time by means of the following expresion: 
t 1 = kg{X)t 
III . FIRST STAGE OF THE REACTION 
In the absence of intermediates in the initial mixture, 
the only mechanism capable of starting the reaction of decompo-
sition of hydrazine is the initiation reaction 1 ) ; once some 
NH has been produced by this reaction, reactions 2 ) , 3) and 5) 
enter into play and generate more intermediates and products. 
Being the initiation reaction the crucial step in this 
stage, it is obvious that the rate of appearance of NH must be 
goberned precisely by this initiation reaction. This considera-
tion directly leads to the conclusion that this rate must be,in 
5 5 
this first stage, of the order of e , and that the appropriate 
variables to study the evolution of the different species, at 
this stage, will be the following 
e&. c 4 = e \ Cj - e 
4.5 
c 2 = e C 2 
H.5r 
C5 = £ C5 
4.5r 
c3 = £ ?3 
4.5r 
C6 = Z ?6 
2.5^ 
T = e t. 
where £. and T are, all of them, of order one. 
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In the limit e -»• 0 , the rate equations take the following 
form: 
dT" = 0 
<H4 
dT" = - K2 5l 52 
d 57 
d7~ = K3^i+ 
d ? 2 
— =
 2 K 1 5 1 
dC5 
dT = K35H 
d 58 
d T = K35H 
dC3 
dT" = K2C1C2 
d56 
d7" = K55H ' K65l56 
with the initial conditions 
5 . = 0 ( i - 2 , 8) 
*1 = ( 5 l > o 
The solut ions of t h i s se t of different ial equations is e a s i l y found t o be 
«1 = ( 5 l > o 
5 3 = ^ ^ ^ l ^ 1 
^5 = T K 1 K 2 K 3 ( 5 1 > O T 3 
C2 = 2K1(51><)T 
C^  = K K U ^ V 
o 
K1K2K5 
K. 
K6(5l>o 
"
K6 ( 5l )o T
 + e + - 5 - 2 — - -2-T + (c l ) ox 2 
K6(5l>o K6 
*7 - ^ W ^ l 1 ! 1 3 *8 = TWa^i'o*3' 
The simplified kinetic scheme appropriate at this stage is the 
8.-
following 
1) N 2H 4 + X 2NH + X 
2) N 2H H+NH 2 NH 3 + N 2H 3 
3) N 2H 3 + X N 2 + H 2 + H + X 
5) N 2H 3 + X NH + NH + X 
6) N H^ + NH NH 2 + N 2H 3 
This stage ceases to be valid when both ch and c become large 
enough as to make significant the contribution of reaction 3) 
and 9 ) . 
IV. SECOND STAGE OF THE REACTION 
The appropriate variables in this stage are the following 
cl = £C1 
3r c7 = e C 7 
2.5_ 
c2 = e C2 C5 = £ 55 e K 
C3 = £ C3 
3.5, C6 = £ h x = e t. 
where E, . and T are of order one in this stage 
The corresponding rate equations, in the limit e^O 
become 
9 . -
17 = o 
d5 4 dC? 
dT" = K 2 C 1 C 2 " K 3 5 4 " C U C 5 d T ~ = K 3 ^ + 5 4 C 5 
d ? 2 
— =
 2 V l 
d ? 5 
dT" = K3 W l W 5 
d 5 8 
dT"= K 3 V 2 V 5 
dT" = V l W l 5 5 0 = K 5^ - V l 5 6 
The initial conditions are substituded by the matching 
conditions with the previous stage. 
The fact that the rate equation for NH reduces to 
0 = K 5 ^ - K 6 ? 15 6 
indicates that this intermediate reaches the steady state already 
in this second stage of the reaction. 
The solution of this set of equations with initial condi-
tions given by the matching conditions with the precedent stage, 
can be reduced to the integration of the set of equations: 
d? 
d t 2K1K2U1)oT - K3C4 - V 5 
d 5 , 
dx =
 K 3 ^ " K2U lV5 - V 5 
with the initial condition that, at T = 0 C^ = S5 = 0 . 
Although a detailed knowledge of the evolution of specie 
in this stage, would require numerical integration of these 
equations, however the asymptotic solution for T -*• °° gives enough 
10 .-
information so as to establish the matching conditions with the 
following stage. 
It can be seen that when T •+ °° the species behave in the 
following manner; 
C l = (Vo 
K 1 K 2 h-+ *^sy 
^
 2 K l ( V o T ^ I K l K 2 U l } o x 2 
h - K 1 K 2 U 1 } O T 2 
K1 K2 K5 (5lV 
This asymptotic solution is not uniformly valid; it ceases to be 
valid when the species have grown enough as to invalidate the 
simplified kinetic scheme for this stage. 
The kinetic scheme appropriate at this stage,is 
N
2
H 4 + * 2NH2 + X 
N 2H 4 +NH 2 NH 3 + N 2H 3 
N 2H^ + H NH 3 + NH 2 
N 2H 3 + X NH + NH 2 + X 
N 2H 3 + X N 2 + H 2 + H + X 
N 2H H +NH NH 2 + N 2H 3 
N 2H 3 + H N 2 + 2H2 
together with the steady state for NH . 
11.-
V. THIRD STAGE OF THE REACTION 
When the intermediate NH has grown enough as to make the 
contribution of reaction 10) important, the second stage ceases to 
be valid and the evolution of the species are described by a 
different mechanism. The appropriate variables for this stage 
are, in this stage, the following: 
Cl = e 5l 
2.5r c/= eh7 
c2 = e 5 2 C5 = e C5 C8 = e ^ 8 
c3 = e *3 C6 = e \ 
3.5._ 
x = e t. 
The corresponding rate equations, in the limit e -*• 0 , tak 
in this stage, the following form: 
dC. 
dx = 0 
d5 
dx - = 2 Vl " K2^2 + K 5 5 4 + K 6 5 l 5 6 " 2KA 
dC. 
dx = K 2 ^ 2 
0 = K 2 q ? 2 - K 3 C , - K 5 C , + K e 5 l 5 6 - ^ 5 
0 = K 3 C , - ^ 
0
 =
 K 5 ^ " V l C 6 
d£, d?, 
dx = K 3 ^ + V s T T - = K 3 ^ + 2^5 
12 
indicating that the kinetic scheme is, at this stage: 
N 2H 4 + X 2NH + X 
N
2VNH 2 NH3 + N 2H 3 
N 2H 3 + X N2 + H2 + H + X 
N 2H 3 + H N 2 + 2H2 
N 2H 3 + X NH + NH2 + X 
N2H1+ +NH NH2 + N 2H 2 
2NH. N 2H, 
with the steady state condition for the intermediates N K , H 
and NH . Replacing the initial conditions by the matching 
conditions with the precedent stage, the solution of this set 
of equations is: 
5 1 = < « l > o 
5 9 = A + ( A - B ) / { ( B / A ) e x p ( c t t ) - 1 } 
K U.) B - A e x p ( - a i ) 
53 = K 2 ( 5 l W + a ( A ~ B ) L n STA 
? 4 = K 2 ( 5 1 ) 0 5 2 / 2 K 3 
? 5 = K 3 
h - K2K5V2K6 
5 7 = 5 3 
8^ = 3 V 2 
13 . -
where 
( K 5 - K 3 ) ( g l > o + / ( K 5 - K 3 ) 2 K 2 ( S ) 2 O + ^iS^Vo 
4K3K? 
B = 
( K 5 - K 3 ) ( e i ) o - / ( K 5 - K 3 ) 2 K 2 a i ) 2 o + 8 K l K 7 K 3 2 ( g l > o 
4K3K7 
° - ~kr / ( K 5 - K 3 ) 2 K 2 ( C l ) 2 o + 8 K l K 7 K 2 3 ( C l > o 
The a s y m p t o t i c b e h a v i o r of t h e s o l u t i o n , when i-*» i s t h e fo l low-
i n g : 
h - <Vo 5 U - K 2 A U 1 ) 0 / 2 K 3 h ~+ ^ i V 
K2 - A h - K3 KQ - 3AK2(51)o /2 
*3 "* K 2 U l ) o A T 56-" A K2 K5 / 2 K6 
and it can be seen that this stage ends up when the concentration 
of the products reach values of the same order of magnitude as 
the initial concentration of gaseous hydrazine. 
VI. FOURTH STAGE OF THE REACTION 
The appropriate variables to study the evolution of the 
reaction at this stage are 
14 
cl = eh 
2.5r 
c ? = £ ? 7 
C2 = £ ?2 e
3C, e5 
C3 = £ ?3 
3 r 
4
 -
5
^ x = e t. 
and the rate equations, in the limit e •*• 0 become: 
dK. 
dx ~Klh ~ K 2 ? l 5 2 " V l 5 6 + K 7 ? 2 
2 K 1 ? 1 - K 2 q C 2 + K 5 5 4 + K ^ ^ 2 2K y S 2 
dC. 
dt K 2 ? 1 C 2 
o = K 2 q e 2 - K 3 ^ - K5 ? 1 + + K6q56 - ?^ 5 
0 = ^ ^ -
 V s 
0 = K 5 ^ - K 6 M 6 
dC. 
dt K3 54 + ?4 55 
d? 
dx K 3 ^ + 2 5 ^ 5 
indicating that the simplified kinetic scheme, at this stage, 
15 . 
hence for most of the reaction time is the following: 
N 2H 4 + X 2NH2 + X 
N 2H 4+NH 2 NH 3 + N 2 H 3 
N 2 H 3 + X N + H 2 + H + X 
N 2 H 3 + X NH + N H 2 + X 
N2H1+ +NH NH 2 + M 2H 3 
2NH, N2 H4 
N 2H 3 + H N ,
 + 2H2 
with the steady state condition for all the intermediates. 
is 
The overall stoichiometry of the reaction that results 
N.H^ — 1 NH 3 + 1 N 2 + H 2 
O o 
The solution of the evolution of species, in this stage, can be 
more easily obtained by writing this set of equations in the 
following form: 
<U. 
d x " 2 K 2 C 1 5 2 
2 K i q - K 2 q c 2 + 2 K 5 5 4 - 2 K y ? 2 
0 = K 2 5 1 ? ; 2 - K 3 5 4 - C ^ 5 
5 5 = K 3 
K, 
? . £ , 2K3 M ^ 2 
16 .-
d?. 
dT 
= K 2 C 1 ? 2 
at. 
dx K 25 15 2 
dC 
dx 2 K2 ?1 C2 
whose solution, when one imposes the matching conditions with the 
third stage can be reduced to the solution of: 
dC. 
dx 2 K2 5l ?2 U-i) 
with 
2K„C 7^2 
(gl>o 
2KyA exp 
K1 K3 
K 2 ( K 5 " K 3 ) 
(3K2x 4/A) (4-2) 
where A is the same constant of the previous stage 
and 
2 K7 52 
2K1 - K 25 2 + (K^'/Kg)?" 
(4-3) 
It is convenient to integrate this equation, to introduce 
the following parameters and variables: 
E = 
K, 
~2K" 
K 5 " K 3 
K. 
K, Ey 
17 
1
 E 2 y(y+l) "
 T l = T K2\|~ T 
so that the problem in these variables reduces to the solution 
of the equation: 
(2 - -n j - ) dy — d T i 
with the initital condition 
T i = ° Ml1*^ 4 E z 5 10 
The solution is 
with 
and 
r>r ^ 1+y 1 
2(y-yi) " Ln - j ^ - = — 
x 
E^ y(l+y) 
K ? Ey 
It is important to realize that the temperature of the 
mixture enters in this solution through the parameters E , 
K l
 d 
77— and y. . 
Ky i 
Fig.2 presents a plot of the evolution of hydrazine, 
ammonia, nitrogen and hydrogen as a function of time. 
18.-
CONCLUSION 
As shown in the course of the analysis, the homogeneous 
gas phase decomposition of hydrazine can be analyzed using 
perturbation techniques. The reaction can be visualized as 
composed of four stages with different kinetic mechanisms. 
However, inspection of the appropriate time scale for each of 
these stages indicates that the decomposition reaction spends 
most of the reaction time in the last of these stages, so that 
the complicated mechanisms of the reaction can be reduced, in 
a first approximation, to the overall reaction 
N2 H4 "* f N H 3 + ! N2 + H2 
for the particular conditions of temperature and degree of 
dilution of the mixture here studied. 
The calculated reaction rate is not a simple function of 
temperature and concentration, and can not be considered, except 
in a rough qualitative approximation to present a linear depend-
ence with hydrazine concentration. Comparison with the experi-
mental results of Eberstein and Glassman indicate a fairly good 
agreement for the absolute value of the rate constant. However, 
the theory predicts that the reaction is not first order so 
that, when one consider the reaction as a first order reaction, 
the rate constant will depend on the pressure; this could be an 
explanation of the scattering of the experimental results that 
10 
can be observed in Fig.3 of ref. 
The disagreement between the predicted stoichiometry 
and the one observed experimentally by Eberstein and Glassman 
can be thought to derive from the fact that most of their exper 
imental results were for temperatures of the mixtures around 
19 . 
950°K while, in this paper, the temperature of the mixture was 
centered in 1000°K. 
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P A R T III 
STEAVV HEAT ANV MASS TRANSFER IN POROUS 
CATALYST PARTICLES 
Aathon.& J.L. Utinutla. 
A. LZndn 
LIST 0? SYMBOLS 
a = particle radius 
b = frequency factor 
c = molar concentration 
D = effective diffusion coefficient 
H = molar heat of reaction 
K = effective heat conduction coefficient 
N = rate of mole consumption per particle 
P ~ nondimensional gradient defined in (B3) 
p = pressure 
r = radial distance 
T = temperature 
u - variable defined in (A2) 
x = nondimensional parameter defined in (9) 
y s » » " (9) 
a = parameter defined in (36) 
3 « " » " (7) 
r = Euler Gamma function 
Y = nondimensional activation energy 
A = reduced DamkShler number 
<5 = parameter defined in (34) 
n = effectiveness factor 
8 = parameter defined in (36) 
v = modified Nusselt number 
a - modified Sherwood number 
d> = Thiele modulus Ys 
tp = variable defined in (54) 
(a = function defined in (34) 
a = activation 
s = surface 
STEAVY HEAT AHV MASS TRANSFER IN POROUS CATALYST 
PARTICLES 
I. INTRODUCTION AHV FORMULATION 
In catalytic packed bed reactors the reaction chamber is 
filled with porous particles, which present a large internal sur 
face with active sites where chemical reactions between reactive 
species take place after being absorbed at the surface. 
Because of the consumption of reacting species within the 
catalytic particles, differences in concentration of these spe-
cies appear within the particle to provide the driving force for 
the species to diffuse from the outer surface toward the inte-
rior. Similarly, the mean concentration of the reactive species 
in the interstitial fluid surrounding the particle differs from 
the concentration at the particle surface,so that transfer of 
reactants between the interstitial fluid and the catalytic parti 
cles occurs . 
Thus, the reacting mixture, flowing along the chamber 
through the interstices, looses reactive species, which by diffu 
sion enter the catalytic particles, and incorporates the reactio 
products coming out of the particles. If the reaction is exothe 
mic, the heat evolved in the reaction will, under steady state 
conditions, leave the interior of the particle by heat conductio 
2.-
to increase the thermal energy of the interstitial fluid. The 
temperature and composition of the interstitial fluid will change 
as it flows along the chamber, as a result of the sinks of reac-
tants and sources of heat and products provided by the catalytic 
particles. See Petersen (1965), Aris (1965) and Aris (1969). 
In this paper we shall show how asymptotic methods can be 
used to calculate the distributions of temperature and concentra 
tion within a spherical catalytic particle under steady state 
conditions. We shall analyze the case when a chemical decompos_i 
tion reaction of a species takes place within the particle. This 
reaction is considered to be one-step irreversible, with a mole 
consumption rate per unit volume, given by the following Arrhe-
nius expression 
n => bcnexp(-T /T) (1) 
3. 
in terms of the local molar concentration c of the reactant spe-
cies and the local temperature T. In (1), b is a pre-exponential 
factor, proportional to the internal surface area,per unit volume 
of the catalytic particle, n is the reaction order and T is the 
3. 
activation temperature of the reaction. The energy absortion 
rate, per unit volume, due to the chemical reaction is Hn where 
H is the molar heat of reaction, negative for exothermic reac-
tions . 
We shall assume that the temperature and composition of 
3.-
the interstitial fluid surrounding the particle is uniform; so 
that we can use the assumption of spherical symmetry, and de-
scribe the concentration and temperature distributions within 
the particle in terms of the functions c(r) and T(r) of the ra-
dial distance r from the center of the particle. 
These functions satisfy the equations of species and en-
ergy conservation, which can be solved for given surface values, 
c and T , of c and T to yield, in particular, the reactant and 
s s 
energy input to the particle from the interstitial fluid. 
The conservation equations for mass and energy, under 
quasi-steady conditions reduce, see Peterson (1965) and Aris 
(1965) 
» ( • 
d2c . 2 dc 
dr2 
+ — — j ~ n 
r dr' 
(2) 
'd2T 2 dT< Klizr + r TZ) - Hn kdr r dr' (3) 
showing how the chemical production term is balanced by diffusion 
and heat conduction. D and K are the effective diffusion and 
heat conduction coefficients, which we assume to be constant. 
These equations are to be solved with the boundary condi-
tions 
r = a : c = c , T = T 
s s 
r = 0 : dc/dr = dT/dr = 0 
CO 
(5) 
4.-
where a is the particle radius. 
The effects on the decomposition rate of the shape of the 
particles and of non-uniformities of the external distributions 
of concentration and temperature can be found in the literature. 
See for example Bischoff (1968), Volkman and Kehat (1969), Rester 
and Aris (1969) and Hlavacek and KubiSek (1970). 
From Eqs.(l)-(4), we obtain the relation 
(T - Ts)/Tg = PCl-c/cs) , (6) 
named after Pratter, between the temperature and concentration. 
The parameter 3 is the maximum possible increment in temperature, 
relative to the surface temperature, obtained when c = 0, 
3 = -c HD/KT (7) 
s s 
The reaction rate expression (1) and the linear relation 
(6) can be used together with Eq.(2) to provide a differential 
equation, which we shall write below in non-dimensional form as 
d2y _,_ 2 dy .2 n yg(l-y) ,Q, £_ + — £ — = 4>^ y exp ' ' (8) 
dx2 x dx s 1+3 (1-y) 
in terms of the nondimensional variables 
y n c/c , x = r/a (9) 
s 
and the parameters 3 and 
-T /T 
y = T /T , , * 2 = (a2/D)be a S c < s 1 1 " 1 ( 1 0 ) 
a s s s 
5 . -
The parameter y is the nondimensional activation energy of 
the reaction, and <f>2 , the squared Thiele modulus,is the ratio of 
the characteristic diffusion and reaction times. The ratio d> is 
s 
named after Thiele (1939) in the Chemical Engineering literature, 
while in the Combustion literature <j>2 is named after Damkb'hler 
C19 36). 
Eq (8) is to be solved with the boundary conditions 
dy/dx = 0 at x = 0 (11) 
and 
y = 1 at x = 1 (12) 
As part of the solution we shall obtain the value of dy/dx 
at x = 1, which when multiplied by HiraDc gives the rate of mole 
consumption per particle N. We shall write N as 
N = 4iTaDc &} = nbc ne~ Ta / Ts 4^3/3
 ( 1 3 ) 
s vdx-'i s 
the product of the effectiveness factor n , introduced by Thiele 
(1939), times the rate of mole consumption per particle that we 
would have in the absence of internal diffusional resistance; 
that is, when c =c everywhere in the interior of the particle. 
The relation (13) can be written as 
n = 3<))^2(dy/dx)x = 1 (14) 
The parameter 
6 .-
$ = n<j>2 = 3Cdy/dx) . (15) 
the "observable" reaction rate per unit volume, made nondimension_ 
al by dividing by c D/a , is a direct measure of the decomposi-
tion rate per particle 
N = $4iTaDc /3 (16) 
s 
It was introduced by Weisz to generate a criterium, * < 1 , in 
terms of observable quantities to insure that there is no falsi-
fication of kinetic effects due to internal diffusion resistance. 
See Weisz and Hicks (1962). 
The problem of solving Eq.(8), with the boundary condi-
tions (11) and (12) has received considerable attention in the 
literature. For the work in the Chemical Engineering literature, 
see for example the reviews by Satterfield and Sherwood (1963), 
Petersen (1965), Aris (1969) and Satterfield (1970). For the 
work related with the Combustion or Thermal Explosion literature 
see Gray and Lee (1967) and Frank-Kamenetskii (1969). 
Weisz and Hicks (1962) published the results of numerical 
integrations of Eq.(l) in the form of curves giving the effective 
ness factor n in terms of the Thiele modulus <j> , for first order 
reactions and some representative values of the parameters g and 
Y • The numerical integrations by Weisz and Hicks have shown the 
existence of multiple solutions within a range of Thiele numbers; 
the solution is unique for small and large values of the Thiele 
7.-
number.. 
The problem of existence and uniqueness of the solution has 
received considerable attention. See, for example, Gavalas (1968), 
Hlavacek et al. (1968), Luss C1969), and Copelowitz and Aris (1970). 
We shall devote this analysis to the solution of Eq.(8) for 
large values of y . We shall try to obtain, if possible, closed 
form expressions for the effectiveness factor n , or the parameter 
$ , in terms of y , 3 , <j> and n. Very often y is large enough, 
from 10 to 50, so that an asymptotic analysis for large y is well 
justified. See Satterfield (1970) for the range of values of 
these parameters of interest in chemical reactors and how they 
depend on the phisicochemical characteristics of the catalytic par 
tides . 
We shall begin with the analysis in Section II of the cases 
for which y3 is of order unity to recover, in particular, the re-
sults of Tinkler and Metzner C1961). Then we shall proceed to the 
analysis for large y|3|, first for endothermic reactions in Sec-
tion III, and then for exothermic reactions in the ignition regime, 
Section IV, and in the thin reaction zone regime, Section V. 
We shall consider in Appendix C how the external resistance 
effects could be taken into account. 
8.-
II. ENVOTHEMTC ANV EXOTHERMIC REACTIONS WITH SMALL OR MODERATE 
HEAT EFFECTS 
We shall in this section look for the solution of Eq (8) 
for values of the heat release parameter 0 very small compared 
with unity, so that the particle is nearly isothermal. We shall 
include in the analysis the cases with an activation energy y 
large enough that Y3 = 3, is of order unity, and, thus, the non-
isothermal effects are important. 
We shall write the solution of Eq.(8) in the form of a 
power series expansion in powers of 8 for fixed values of x, $ , 
Bj and n 
y = yQ + 3yi + --- (17) 
When this expansion is substituted in Eqs.(8-10), the fol-
lowing equation is obtained for yQ , 
d 2 yo
 + J_ dy° = ,2 egin-8iy 0 (18) 
dx2 x dx s ° 
with the boundary conditions * 
dy /dx = 0 at x = 0 (19) 
o 
y = 1 at x = 1 (20) 
o 
The effectiveness factor n , and $ , are given, with errors 
of order B , in terms of y (x) by 
* = n<j>2 = 3(dyo/dx)x=1 (21) 
Thus $ is, for a given reaction order n, a function of <j>2 and gj. 
* For values of n <1, and sufficiently large <j>s the reactant does 
not penetrate beyond a certain radius xs ; y = 0 for x < xg . 
9.-
Eq (18) was obtained, and solved using an analog computer, 
by Tinkler and Metzner (1961) for the case n= 1. Fig.l and Fig.2 
show the utilization factor n and * as a function of 6 for sev-
Ts 
eral values of 3j = y$. Multiplicity of solutions occur for val-
ues of Y3 > •+. 5. Very often the particles present a large inter 
nal resistance to the diffusional transport of mass, but very 
small resistance to heat conduction, so that y$ is very small. 
Thus we shall give below the form of the utilization or effective^ 
ness factor n for small values of y3 • 
Eq C8) in the particular case n= 1, 0 = 0, or Eq (18) for 
Pi = 0, has the solution 
y = (xsh<j> )~ sh(<(> x) 
s s 
satisfying the boundary conditions (11) and (12). 
(22) 
The corresponding expression for the utilization factor n 
i s 
o r 
n = 3<r2(<|> cth<J> - 1 ) s s s 
* =3Gf» cth<|> - 1 ) 
S S 
(23a) 
(23b) 
a well known result in the Chemical Engineering literature. 
He shall show in Appendix A, that for small values of yS, 
and n = 1 
* / 3 = n < | > 2 / 3 o p (<f>2) + Y & P I ( < I > ? ) + . . . ( 2 4 ) 
S O S J. s 
where 
10. 
p (u) = /ucth/u - 1 
Pl(u) =-(po+p2-u)/2 - - * {-&£ J / x " ^ } dx 1
 © o 2/u vshAr ' v /x ' •
3J. 
0 
sh/x\ 
The functions p and g of ^ are plotted in Fig.3. 
o s 
In Appendix B the first two terms of an asymptotic expan-
sion of n for large values of <f> are obtained, from (Eq 18) for 
s 
n = 1 , as 
n = 
3/2
 t y3 , fl%l/2 
•=-: (e -1-YB) 
ye* 
/7 exp(yg/2) I 
<J> {exp(Y0)-l-Y3l 
S i 
(25) 
.Y3 
.1/2. where I = / {l - (l + u)expC-u)} du 
o 
In this case the decomposition reaction occurs in a thin 
surface layer. Fig.4 shows n<{> as a function of y$ , as given 
s 
by the first term of the expansion (25). The one term and two 
term expansions of n for large values of <J> are also shown in 
Fig, 1 and 2. 
For the cases 3 = 0 and n =£ 1 see for example Volkman and 
Kehat (1969) or the review by Satterfield (1970). We obtain in 
Appendix A expansions, for arbitrary n and small and large val-
ues of <t> , of the nondimensional "observable" reaction rate $ • 
Ys ' 
Thus, for large values of $ , the reaction, occurs in a 
5 
11 .-
thin surface layer, with 
* * 3<f» /2/Cn + l) - 3{l+ (n-l)/4}_1 + (26) 
For small values of <f> , no falsification of the kinetics 
occurs in first approximation, because the reactant concentra-
tion is approximately equal to cg , and 
* = <|>2{l " <f>2n/15 + ( J i ^ n C S n - D / S l S + } (27) 
For zero order reactions, Eq (18) reduces to 
d2y 
dx' x dx s 
(28) 
to be solved with the boundary conditions (19) and (20) 
It can be written in the form 
d29 
dx2 
d0 
x dx 
•fie' (29) 
and the boundary conditions 
d6/dx = 0 at x = 0 
9 = 0 at x 
(30) 
(31) 
in terms of the non-dimensional temperature increment 
3i(l-yo) = (T-Tg)Ta/T| (32) 
" Negative values of yQ can appear in the solution, unless the che 
ical production term is written equal to zero for yQ <_ 0 . This 
limits the range of validity in <J> , of the solution. 
12.-
and the reduced DarnkShler number 
5 = $2 y g (33) 
The problem of Eqs (29)-(31) is encountered also in connec 
tion with Astrophysical problems, see Chandrasekhar (1939), the 
thermal failure of dielectrics, see Von Karman (1924), and in ther_ 
mal explosion problems, see Frank-Kamenetskii (1969). We shall 
also encounter Eq C29) in the following two sections, when ana-
lyzing the catalytic particle behaviour for large values of y , 
and "P of order unity or 3 of order unity in the near ignition 
regime. A numerical solution of Eq (29) was first given by Em-
den C1907). 
For a literature review concerning this equation and ap-
proximate treatments, see Hlavacek and Marek (1968). 
From the solution of Eq (29) we can obtain, in particular 
the non-dimensional particle reaction rate $ as a function of 6 
given by 
yg* = n6 = u = -3(d9/dx)x = 1 (34) 
where a) is a function of the parameter 6 . 
Enig (1966) was able to generate from Eqs (29)-(31) the 
following differential equation 
do)/d6 = (96-3u))/6(6-co) (35) 
which, when solved with the initial condition to = 0 for 6 = 0 , 
13.-
yields the non-dimensional particle reaction rate u as a function 
of 6 . For exothermic reactions 6 > 0 and w > 0 ; for endothermic 
reactions both u) and <5 are negative. 
We can obtain Eq (35) directly from Eq (29), if we notice 
that Eq (29) is invariant under the transformation group 
6 -> G + a , x -> e~a/2x ( 36 ) 
Eq C29) will now be written in terms of the variables 
p = -3x - 4 ^ — and u = 6x2e° , (37) 
r
 dx 
chosen so that they are invariant under the same transformation 
group (36) and, in addition, p~ w and u= 6 at x= 1. 
From the definition of u and p we first obtain 
du/dx = (2-p/3)u/x 
and then we easily obtain from Eq (29) the equation 
dp/du = (9u-3p)/u(6-p) (38) 
which, when integrated with the initial condition p= 0 at u = 0 , 
obtained from Eq (30), it yield, p = p(u). When the integration is 
carried out to x = 1, when u = 6 , we obtain p = to . Thus, as we 
wanted to show, p = p(u) is identical to CJ = a) (6 ) . 
Fig. 5, gives both n and u> as functions of 6 for exothermic 
reactions. Fig 6 gives n and -w as a function of -6 for endo-
14.-
thermic reaction. Figs.5 and 6 show also 0(0) in terms of 6. 
No solution of Eq (35), or Eq (29), exists for 6 > 6 = 3.322 
At <5 = 6T , 0) = a) = 6 . The solution of Eq (35) spirals around 
the critical point w = 6 , 6 = 2 . For <S close to 2, Eq (29) has 
a large number of solutions growing to infinity when 6 ->- 2 . Only 
the lower branch of the curve co(<5) may be expected to be stable. 
For small values of o> 
$ a- a) ni w 2 /15 - (03/1575 + (39) 
For endothermic reactions, a solution of Eq (35) exists 
for all values of 5 , and it is unique. An approximate represen-
tation of the relation between <5 and to is given for negative 6 by 
6= a)(l-a>/10+u)2/540)(l-a}/30)_1 (40) 
III. EMVOTHEHUJC REACTIONS WITH LARGE HEAT EFFECTS 
We shall look in this section for the solution of Eq (8) 
for large values of y and (3 negative of order unity, so that 
«Yg >> 1. 
In these cases the concentration differences are small, 
Cl-y) << 1 , within the particles; otherwise, the negative Arrhe-
nius exponent in Eq (8) would become very large and, consequently, 
the chemical reaction would be freezed. The non-dimensional tern-
15.-
perature rise 9 , defined in Eq (32) of the previous section, 
stays of order unity. 
We shall write the solution of Eq (8) in the form of a 
power expansion 
y = 1 - 0/YB - ei/CyP)2 + --- (tl) 
When it is substituted in Eqs (8), (11) and (12) we obtain EqS. 
(29)-(31) for 0 , independently of the reaction order. Eq (29) 
is obtained directly from Eq (8) if the Arrhenius exponent is 
linearized, following Frank-Kamenetskii, because y >> 1 , and if 
the reactant consumption is neglected, because -yB > > 1. Thus 
the following approximation 
^ - P n-yffi-yl/Y - *2se*p{Y3(l-y)} <*2) 
is made in the chemical consumption term of Eq (8). 
The results obtained in the previous section, when analizing 
endothermic zero order reactions for large activation energies, 
are thus directly applicable to the present case. In particular, 
the non-dimensional particle decomposition rate, * = co/yB , and 
the utilization factor, r\ = u)/5 , are given in terms of the reduced 
DamkJJhler number, 6 = <(>2yB, by means of the solution o)(6) of Eq 
(35) for negative <5 . The functions <J>/yB and n of <5 have been 
plotted in Fig.6. As indicated in the previous section, an accu-
rate representation of 3(u), with the correct asymptotic behaviour 
16.-
for small (-<5) and for large (-5), is given by Eq (40). 
The effect of the reactant consumption, can be easily-
taken into account in first approximation by introducing in the 
right hand side of Eq (>2) and of Eq (29) the factor exp(-n9/y3), 
which is an approximate representation of y = (1 - 6/y3) for 
small values of nO/ y3. This is equivalent to a modification of 
the activation energy from y3 t o Y3(l-n/y3). 
Thus, when the effects of reactant consumption are re-
tained in first approximation, the particle reaction rate and 
the utilization factor are given by the relations 
(l- n/yp}y3* * n<Se = w(6e> (43) 
where 3 a cj>2 y 3 (l-n/yp ). 
6 S 
IV. EXOTHERMIC REACTIONS. IGNITION REGIME 
For exothermic reactions with large temperature effects 
y3 >> 1, very small changes in the reactant concentration cause 
large changes in the reaction rate. In this section will shall 
look for the asymptotic solution of Eq (8) for large values of 
y3» for values of the Thiele modulus such that (1-y) is of order 
1/Y3. 
We find under these conditions two types of solutions for 
each Thiele modulus below a critical "ignition" value. In one 
17.
 r 
of the solutions the particle decomposition rate, or u , is small 
because the temperature rise has been small in the interior of 
the particle. In the other solutions to is larger because the tern 
perature rise in the interior of the particle has been signifi-
cant. 
We shall use in analyzing this "ignition" regime of decom-
position the expansion (M-l ) for y, which when substituted in Eqs 
C8), (11) and (12) yields, as in the previous section, Eqs (29)-
(31) for 5 , independently of the reaction order. 
The particle consumption rate $ and the utilization factor 
n are given by Eq (3M-), where to is obtained as a function of 6 
by solving Eq (35) for positive 6 . The functions n ( 6 ) and to ( 6 ) 
a.re represented in Fig.5. They are seen to be multivalued for 
«5 < i = 3 . 322. 
c 
The effects of reactant consumption can be taken into ac-
count in first approximation, as in the previous section. The 
particle decomposition rate $ and utilization factor n are then 
given by Eq (43) with relative errors of order 1/y. 
Notice that solutions corresponding to the ignition regime 
exist only for 
<f)2Y3(l-n/Y3) < 3.322 (44) 
If higher order corrections to the solution were desired, 
the asymptotic problem should be posed as to find the solution of 
18.-
Eq (8) and the Thiele modulus resulting in a given value of w of 
order unity. The expansion (41) should be complemented with an 
expansion 
6 = <5 + 6 , /yP + (45) 
o 1 
for the Thiele modulus. In this way the difficulties associated 
with the fact that the interval of multiplicity of solutions of 
Eq (8) would change with the order of approximation is eliminated. 
See Copelowitz and Aris (1970) for a numerical analysis of 
Eq C8) under ignition conditions and a discussion of the multiplic_ 
ity of solutions. 
V. EXOTHERMIC REACTIONS. THIN REACTION ZONE REGIME 
For large values of the nondimensional activation energy, 
yp » 1 , there exists a regime of decomposition for which, as 
sketched in Fig 7, a thin reaction zone separates an interior re-
gion of equilibrium, for x < x , with 
y = 0 and 0/y=(T-T )/T = B (46) 
s s 
from an outer region where the chemical reaction is frozen. In 
the outer region, x > x , where the reaction term in the right 
hand side of Eq (8) is negligible, the distribution of concentra 
tion is determined by the diffusion equation 
-§if-+ ^--¥~= 0 (47) 
dx x dx 
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A first integral yields 
x2dy/dx = */3 (48) 
in terms of the particle decomposition rate $ , defined in Eq (15). 
When Eq C48) is integrated with the boundary condition (12), we 
obtain, for x > x , 
' r ' 
y = 1 + Cl-l/x)*/3 (49) 
The temperature distribution is obtained from the Pratter rela-
tion (6), e =Y3(.l-y). 
The distributions of temperature and concentration are 
sketched in Fig.7. 
The continuity of y and 0 at the reaction zone, x = x , 
provides the relation 
x = */(*+3) (50) 
r 
between x and the observed particle decomposition rate $ . 
r r 
To obtain a relation between $ and the Thiele modulus, we 
need to analyze the structure of the thin reaction zone, following 
the procedure used by Linan (1974) in his analysis of the struc-
ture of diffusion flames. 
The reaction zone is thin because, due to the large tempe-
rature sensitivity of the reaction rate, the chemical reaction is 
freezed as soon as the temperature drops below its maximum value, 
T = T„(l + f5), by an amount large compared with T /T . This can 
20 . -
be clearly shown by writing the Arrhenius factor exp(-T /T) in the 
a 
form 
e„T a/T = e~T a/T m eCTa/Tm)(T-Tm)/T 
The Arrhenius factor, for large values of T /T m, becomes 
exponentially small compared with its maximum value, obtained in 
the interior edge of the reaction zone, unless the negative expo-
nent CT /T )(T-T )/T stays of order unity. Through the reaction 
a m m
 J J 
zone the nondimensional temperature drop 
CT -T)T /T 2 = $ = yy|3/(ltg)2 (51) 
m a m 
is of order unity. The thickness of the reaction zone 6 is small 
of order T /T , so that the gradient of temperature in the re-
m a ' 6 r 
action zone, of order T /T 6 , is of the order of the temperature 
' m a r ' r 
gradient in the outer frozen region , (T -T )/(l-x ) . 
m s r 
Thus, for values of x and 3 of order unity, the ordersof 
magnitude y of y in the reaction region and the thickness 6 are 
of order (l+3)2/y3 . The orders of magnitude of the three terms 
of Eq (8) are given by 
d2y/dx2 ^ y /<52 ^ yg/Cl + g ) 2 
(2/x)dy/dx ^ y /6 ^ 1 
and 
• d>^ y exp „ ' „7. • \— ^ 4> Y exp ! _— Y s J r 1 +3(l-y) Y s ' ^ 1+3 
In the thin reaction zone, the term (2/x)dy/dx representing 
21.-
the effects of the spherical geometry can be neglected, with re-
lative errors of order 1/yP, compared with the one-dimensional 
diffusion term d2y/dx2, which is thus balanced by the reaction 
term. Thus in the thin reaction zone regime, the reduced Damkoh-
ler number A , 
n + 1 A = < f > 2 { c i + e ) 2 / Y 3 } n + 1 e x p { Y e / ( i + e ) } (52) 
is of order unity. We shall obtain below»from the detailed anal-
ysis of the reaction zone structures the asymptotic form of the 
relation A = A($) for large values of 3y • 
In the thin reaction zone, as the order of magnitude anal-
ysis given above indicated, the diffusion operator in the left 
hand side of Eq (8) can in first approximation be replaced by the 
one-dimensional term d2y/dx2. The Arrhenius exponent in Eq (8) 
can be linearized around its value at y = 0. Thus, for large val-
ues of y$ "the conservation Eq (8), reduces in the reaction zone 
to 
d 2y J.2 n 
*5— = d>^ y exp 
dx 2 s v 1+p 
Y3 -Y3y 
-
L
-
t
-— exp ' J 
(1+3) 2 
or?if written in terms of the variables 
i|) = yBy/Cl + P ) 2 and £ = (x-xp ) Y3/(l+3 ) 2 , 
(53) 
(54) 
|— = A^ exp(-i(i) (55) 
2 2 . -
Eq (55) can be i n t e g r a t e d once t o y i e l d 
_ | _ ( | | } 2 =
 A / V e - Z d z (56) 
if we require the solution to coincide for large negative values 
of 3 with the solution, Eq (46), for the interior equilibrium re 
gion. That is, 
ty -*• 0 for K -*• -00 (57) 
which implies di|>/d£ = 0 for ij> = 0 . 
By requiring that the solution of Eq (56) should also 
coincide for £ "*" °° with the form for (x-x ) -> 0 of the solution 
(49), we obtain 
(di|;/dS) c $/3x£ = ($ + 3)2/3$ (58) 
which together with Eq (56) leads to the relation 
(* + 3)2/3$ B (2AT , . ) 1 / 2 ' (59) 
n + l 
where r . is the Euler Gamma function 
n + l 
00 
Fn+1 " / z e d z 
o 
The right hand side of Eq (59) is proportional to the Thie_ 
le modulus 
/2AT ., = 2a* (60) 
n + l s 
23.-
where 
a «/rn+1/2 {(l+3) 2/YP}(n+1)/2exp{Y3/2(l+3)} (61) 
So that Eq (59) is an explicit function of the Thiele modulus in 
terms of the non-dimensional particle reaction rate. Eq (59) can 
also be written as 
$ a ,-,4,2
 E 3 ( a ^ _i){i + /i_(a<j) -l)"2} (62) 
S S ~"** s 
giving $ e x p l i c i t e l y in t e r m s of aty 
s 
The two-valued functions $ and n/a2 of cc<j> have been 
plotted in Fig.8. The thin reaction zone solution exists only 
for values of <J> above a minimum "extinction" value <j> given 
S o III 
by the relation 
4>SE = 2/o = /87r^7{Y3/(l + P ) 2 } C n + 1 ) / 2exp{- Y3/2(l + e)} (63) 
The lower branch of the curves giving $ and n/a2 as func-
tions of a<j> , represented with dashed lines in Fig. 8, are very lik 
ly Unstable. When aty ^ Y3, the values of x and 6 are of the 
same order for the lower branch, so that the one-dimensional 
treatment, Eq (53), of the reaction zone is no longer valid. 
For large values of o<J> , the reaction zone corresponding 
to the upper stable branches of Fig.8, approaches the particle 
surface, x -»• 1; most of the particle is in equilibrium, and both 
the reaction zone and the outer frozen diffusion region are thin 
2H.-
and with a planar structure. * and n take the limiting form 
• =fc 6o4> and n ± 6a/<{> (64) 
in agreement with the asymptotic description given by Petersen 
(1965). 
Notice thatthe parameter ad> can also be written as 
s 
^ s P C<J>mVrn + 1 '/2){(i + 3 ) 2 / Y 0 } (n+l)/2 (65) 
where 
yS/(l+3)2 = (T -T )T /T2 
m s a m 
(66) 
and 
<(>m = * sexp{ Ye/2(l + 3)} (67) 
is the Thiele modulus based on the maximum temperature T 
m 
If higher order approximations were desired, we would pose 
our problem as to find, for large values of y3, the Thiele modulus 
$ and the solution of Eq (8), resulting in a given value of $ , 
of order unity. We would write the solution in the form of three 
"matched asymptotic expansions", see Cole (1968). That is: An 
interior expansion 
y = 0 + (Y3) yi(x) + 
for the near-equilibrium region,an outer expansion, given by Eq 
0+9) to all algebraic orders in ( Y 3 ) ~ , for the outer frozen 
25.-
region, and an expansion 
y = M l + 3)2/YP + ^l/(Y3)2 + ---
for the transition, reaction zone,region, with \\> , ip
 1 , 
tions of the variable 5 • 
f unc-
In addition,the reduced Damkohler number A , defined by 
Eq (52), would also be expanded in powers of (y3) 
A = A + ( Y 3 ) - 1 A I + 
o 
so that, only in fir"st approximation, A = A would be given by 
Eq (59). 
The analysis of the thin reaction zone regime, given here 
for spherical particles, can be easily extended to cover particles 
with the form of infinite slabs or infinite cylinders. 
The half-thickness of the slab and the radius of the cylin-
der should be used as the characteristic length in the definition 
of the Thiele modulus and to dimensionalize the distance to the 
center plane or axis of the particle. The non-dimensional parti-
cle reaction rate, $ = n<J>2 , is equal to 1 and 2 times the gra-
dient dy/dx at the particle surface x = 1 for the one dimensional 
and cylindrical cases, respectively; while the corresponding thin 
reaction zone location is given by x = 1 -1/$ and x = exp(-2/$), 
respectively. 
The reaction zone structure is described by Eq (55), and 
26.-
the relation between the reduced Thiele modulus 2a$ and * is 
s 
2a<J> = * 
s 
( 6 8 ) 
f o r i n f i n i t e s l a b s , and 
2a<J> = ( * / 2 ) e x p ( 2 / $ ) ( 6 9 ) 
for cylindrical particles. This relation (69) is also shown in 
Fig.8. In this case, there exists a minimum,extinction, value 
$__ of <{> for the thin reaction zone regime to exist 
oL S 
*SE = e / 2 a 
(70) 
Of the two branches of the d> C ct d> ) curve, for i> > <J> .„ , the 
s s SL 
lower branch corresponds, very possibly to an unstable mode of 
decomposition. 
The thin reaction zone analysis ceases to be valid when x 
J
 r 
becomes small, of the order, 1 / Y $ , of the thickness of the reac-
tion zone. 
If the Thiele modulus were defined in terms of the ratio of 
the particle volume to the external particle surface we would ob-
tain a number <f>' equal to 1, 1/2, 1/3 times the Thiele modulus <{> 
s s 
based on the half-thickness or radius of the particle. In Fig.9 
we have plotted n/a2 in terms of <*<(>' for infinite slabs, infinite 
cylinder and spheres. The asymptotic form of the effectiveness 
factor for large values of the Thiele modulus coincide for the 
three types of particles if the Thiele modulus is based on the 
ratio of particle volume to particle surface. 
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VI. CONCLUSIONS. 
We have carried out in the previous sections asymptotic anal 
yses of Eq.(8), for small values of 3 and Y 3 of order unity or 
small in Section II, for large values of (-Y3) in Section III, and 
for large values of Y 3 in Sections IV and V. In Appendix A we 
consider the cases where Y 3 is small compared with unity, and in 
Appendix B we extend to the second approximation the asymptotic 
analysis of Petersen for large <f> 
* s 
These analyses were carried out with the purpose of gener-
ating closed form expressions for the effectiveness factor n and 
the apparent particle consumption rate $ in terms of the overall 
order of the reaction n , the Thiele modulus § , the heat release 
' s 
parameter 3 and the activation energy Y > all these variables 
based on the concentration c_ and temperature T of the fluid at 
s s 
the particle surface. These closed form expressions can be used 
in studying the evolution of reactants through catalytic packed 
bed reactors. In Appendix C we show how these expressions can be 
used to determine the reaction rate per particle in terms of the 
mean properties of the interstitial fluid and the Nusselt and 
Sherwood numbers. 
The analysis of Section II for small values of 3 corresponds 
to nearly isothermal particles; if the reaction rate is very sen-
sitively dependent on temperature, y$ ^ 1 J these effects cause 
significant departures of the values of the effectiveness factor n 
28.-
and $ from their isothermal values (for Y 6 = 0 ) . For small values 
of g, both <J> and n are found to be, in first approximation, func 
only of Y 3 and <f> for each reaction order n. 
s 
For first order reactions and yQ of order unity, we carrie 
out the numerical integration of the simplified Eq (18), obtaine 
from Eq (8) by linearization of the Arrhenius exponent, to repro 
the results, presented in Figs. 1 and 2, of Tinkler and Metzner 
(1961). Multiple solution were found for Y 3 > 4.5. For zero or 
reactions we carried out an analysis, similar to that of Hlavace 
and Harek (1968) to obtain, by numerical integration of Eq.(35), 
a relation between ID = $ Y 3 and 6 = <J>2YS- The results are plotte 
s 
in Fig.5 and 6 for exothermic and endothermic reactions, respect 
The expansion (39) for small 6 has also been plotted in Fig.5. 
Eq.(UO) gives 6 (a>) for endothermic reactions with errors lower 
than one per cent. 
In Appendix A we present a perturbation analysis of Eq. (8 
for small values of Y 3 » to account for the incipient non-isother 
mal particle effects. This analysis leads to the closed form 
expressions, Eqs.(24) and (A22), for n=l and n=0, respectively. 
The analysis of Section III was devoted to endothermic 
reactions with large values of the parameter (~Y3) and -6 of ord 
unity. No concentration differences are found within the partic 
in first approximation, under these conditions; so that we obtai 
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for arbitrary reaction orders the relation 6 (u>) obtained in the pre-
vious section for zero order reactions. Eq.(UO) is an approximate 
representation of this relation. 
Sections IV and V were devoted to the analysis of exothermic 
reactions, for large values of y$ and B of order unity. Under 
these conditions there are two possible decomposition regimes. In 
one regime, the ignition regime analyzed in Section IV, the particle 
is nearly isothermal and no significant differences in concentration 
are found within the particle; so that,again we are led in first 
approximation to the relation u(6) represented in Fig.5, which we 
obtained in Section III for zero order reactions. When the 
incepient effects of the differences in concentration within the 
particles are taken into account the relation between $ and <j> and 
Y0 takes the form of Eq.(43) for both endothermic and exothermic 
reactions. The ignition regime is only found for values of <j> 
satisfying the relation (44). 
For large activation energies, Y$ >>1> there is a second 
decomposition regime, analyzed in Section V, for which, as 
sketched in Fig.7, the decomposition reaction occurs in a thin 
reaction layer. The reaction layer separates an interior equilibriu 
region, where y = 0 and 6 = g, from an outer region, where the 
chemical reaction is frozen, because of the temperature drop from 
its maximum value. The asymptotic analysis carried out for 
30 . -
arbitrary reaction orders and also for infinite slabs and infinite 
cylinders, led to closed form expressions for $ and n in terms 
of ij> and Y B and £. These expressions are represented in Figs. 8 
s 
and 9. The thin reaction zone regime was found to exist only for 
values of <J> above an "extinction" value <f>cr5 for which closed 
form expressions are given in Section V. 
Fig.10 shows the effectiveness factor as function of d> for to
 s 
several values of yB and 8> as resulting from the asymptotic 
analyses. No significant differences are found with the numerical 
results of Weisz and Hicks (1962). 
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A P P E N P I X A 
We shall in this Appendix look for the solution of Eq (8), 
with the boundary conditions given by Eqs (11) and (12),for small 
values of both 3 and y$ » i-n order to calculate the incipient ef-
fects of the non-uniformities in the particle temperature on the 
effectiveness factor. 
In the particular case y3 = 0 , Eq (8) reduces to the Emden-
Fowler equation 
d2y 
dx 2 
dy 
dx 
J.2 n (Al) 
which has received considerable attention in the literature. See 
the recent review by Wong (1975). 
We want to find the solution of Eq (Al) and, in particular, 
calculate the observed reaction rate 
4> = 3(dy/dx) x = 1 
We shall introduce the variables 
2 V 2 , n - 1 p = ( x / y ) d y / d x and u = <f>zx^y (A2) 
which are invariant, like Eq (Al),under the continuous transfor-
mation group 
(l-n)/2 , A„. 
y -> ay , x -> a x (A3) 
From the definitions (A2), we obtain 
2a.-
udy _ p_ 
ydu " 2+(n-l)p (AH) 
When Eq (Al) is written in terms of the variables p and u, we ob-
tain the equation 
du u{2 + (n-l)p} 
u-P -P (A5) 
which, when integrated with the initial condition p= 0 , at u= 0, 
yields * 
p = P Q(u,n) (A6) 
When x = l : y = 1 , u = <J>* and p = $/3; so that 
$ = 3po (<{.;, n) 
For n = 0 , the solution of Eq (A5) is, if u < 6 
p (u, 0)= u/3 
For n = 1 , the solution is 
(A7) 
(A8) 
(u , 1) = /u ctanh/u - 1 (A9) 
which together with Eq (A7) provide the relation between $ and <J); 
For arbitrary n , and small values of u , the solution of 
Eq (A5) is 
p = (u/3){l - nu/15 +n(3n-l)u2/315 + } (A10) 
For large values of u 
p = {2u/(n+l)} 1 / 2- {l + (n-l)A}~ + (All) 
* If n < 1 , this initial condition can only be used if the resulting 
the rssntant rinps not •pp^rh 1 
s 
P0(<i>|»n) <2/(l-n); for larger <J>o eac doe reac the 
center of the particle. 
3a . -
The purpose of this Appendix is to obtain the solution of 
Eq C8) for small values of g and y3 , when the solution will be 
a small perturbation of the solution (A6) for the case y& = 0 . 
For this reason, we shall write Eq (8) in terms of the variables 
p and u defined by Eqs (A2). Thus we obtain the equation 
f, +
 (,,.i)pt-£-..,p Hfcj] du (p+p2)/u (A12) 
together with Eq (A4) and the boundary conditions 
and 
p = 0 at u = 0 
y * 1 at u = <j>? 
(A13) 
(All) 
to calculate p(u),and in particular * = 3p(<|>2). 
s 
We shall write the solution,for small values of B and yB , 
of Eqs (AM-) and (A12) in the form of expansions 
p = Po + y$p± + 
yo + Y3y1 + ---
(A15) 
(vA16) 
which when substituted in Eqs (A4) and (A12) yield Eq (A5) for 
p , and 
ro ' 
lnyo = -/ s{2+(n-l)po}' podu/u (A17) 
for y (u). 
o 
In the particular cases, n = 0 , if $2 < 6 , 
s 
y«(u) = (4>2-6)/(u-6) 
o s 
(A18) 
4a. -
and for n = 1 
y (u) = s 1 n h / u <(>• 
/u sinhtj) 
(A19) 
For p,(u) we obtain the equation 
dpi dp (l+2p„) 
2
 + (n-l)p + („-i)P1--_2- + p ^_ 
° du 1 du l u 
= 1 - y ( A20) 
which when integrated, with the initial condition pi(0) = 0 , 
until u = <f> will yield the first two terms of the expansion for $ 
$ = 3po(<|>|, n) + 3Y3pi(<f>g, n) + (A21) 
For n= 0 , we o b t a i n , f rom Eq ( A 2 0 ) , f o r <j> < 6 
s 
$ = <j>2 + Y 3 4 ) 4 / 1 5 + 
s s 
(A22) 
in agreement with Eq (39). For n = 1 , we obtain, after elaborate 
calculations, 
PI = (-P0-PJ + ^ > /2 
.+. (A23) 
The functions p (<j> ) and p, (<(> ) have been plotted in Fig.3. 
lb.-
A P P E N P I X B 
In this appendix we shall obtain the first two terms of an 
asymptotic solution of Eq (8) for large values of 4> 
term is given by Petersen (1965). 
The first 
When the formal limit <f> -*• « is taken in Eq (8), with y and 
s 
their derivatives with respect to x assumed to be of order unity, 
we obtain the limiting equilibrium equation 
y = 0 (Bl) 
This does not hold close to the particle surface in a thin 
reaction layer where y changes from 0 to 1. The thickness of 
this layer is,of order <f>~ ,such that the first diffusion term of 
Eq (8) is of the same order,$2,as the reaction term. 
To describe the reaction zone structure we shall write 
Eq (8) in terms of the variable 
£ = (1-xH (B2) 
and the nondimensional gradient 
P = -dy/dC (B3) 
so that Eq (8) becomes 
dP 
dy i -5/4> 
R ( y ) ( B 4 ) 
w h e r e 
2b.-
Eqa (B3) and (B4) are to be integrated with the boundary condi-
tions 
P = 0 at £ = • „ (B6) 
s 
K = 0 at y = 1 (B7) 
The nondimensional particle reaction rate • is given in terms 
of the value P(l) of P for y = 1 by 
* = 3 $ P(l) (B8) 
s 
The solution of Eqs(B3) and (B4) will be written in the 
form of the expansions 
P = P Cy) + tZ1? (y) + --- (B9) 
o s 
K = Crt(y) + •!1Ci(y) + --- (BIO) 
o s 
We then obtain the equations 
P dP /dy = R(y) (Bll) 
o o _ 
dCP Pi)dy = 2P (B12) 
o 
and 
d5Q/dy = -p-1 , dSj/dy = ?1 P"2 (B13) 
These equations will be integrated with the boundary conditions 
5 = C2 = 0 at y = 1 (B14) 
3b 
resulting from Eq (B7),and the conditions, 
P = ?l = 0 at y = 0 , (B15) 
obtained by matching with the interior equilibrium solution y = 0 
Thus we obtain 
P = {2/ R(y)dy} 1/2 (B16) 
and 
P P . = 2/ P dy 
o 1 J o J (B17) 
The nondimensional particle consumption rate $ and the ef 
fectiveness factor n are given by the expansions 
* <t>2n = 3$ P (1) + 3P. (1) + 
s s o i (B18) 
where 
and 
P (l) = {2/ R(y)dy} 1/2 
P!(l) = {Prs(l)}"12/nPn(y)dy 
o o 
(B19) 
(B20) 
In the particular case y3 = 0 , 
P C D = /2/(n + D ,, P 1 ( D = U/(n + 3) (B21) 
For values of g << 1 and y$ °f order unity 
P0(y) = r+2|YB|"n"1exp(Y6)/Y3y|*|ne-*d* 
I— o 
1/2 (B22) 
4b. 
with the - sign chosen for negative $ . The integral can be 
written in terms of incomplete Gamma functions. Eqs (B17) and 
(B22) can be used to obtain Eq (25) for n when n= 1. For n= 0 , 
we obtain 
Po(l) = {(2/YB)(expYB-l)} 
1/2 
and 
p
.
( 1 )
 • — 
1/2 
E 1 *^] 
with X = {l - exp(-v3)} , for yS > 0 and 
(B23) 
(B24a) 
P (1) 
1 
_-_4_ 
Y3 0 - ^ 
with Y = {exp(-yg)-l}1/2 for y3 < 0. 
(B25b) 
The asymptotic form of P (1) and Pj(l) for large values o 
y(3 and g of order unity can be obtained from Eqs (B19) and (B20) 
without much difficulty. The resulting expressions can be ob-
tained directly from Eq (35) of Section II for negative 0 as 
yB$ = -3/-2ye<J> + 12 + 
s 
(B26) 
and, from Eq (62) of Section V» for positive g as 
* = 6a6 - 6 + r
 s 
(B27) 
2 c -
D(dc/dr) r = a = K c(c.- c 8) 
K(dT/dr) = h (T.- T„) 
r = a 1 a 
(CI) 
(C2) 
where K and h are overall heat and mass transfer coefficients, 
c 
The gradient of temperature is given in terms of the concen 
tration gradient by the equation 
(dT/dr) = -3(T /c )(dc/dr) (C3) 
r=a s s r=a 
as a result of the Pratter relation(6). 
The concentration gradient was written, Eq (15), in terms 
of the non-dimensional observable reaction rate $ , as 
(dc/dr) r = a = (cs/a)*/3 
From Eqs (C1)-(C4), we can obtain the relations 
(C4) 
(o3/v)(c./c -1) = (l-T./T ) 
X S I S 
(C5) 
and 
3a(c i/c s- 1) = $ • (C6) 
where a and v are the modified Sherwood and Nusselt numbers 
a = K a/D and v = ha/K 
c 
(C7) 
In our previous study we obtained, for the possible decompo 
sition regimes, expressions for $ in terms of the Thiele modulus 
<f> , the nondimensional activation energy y ,and the heat release 
parameter 3 , all based on the temperature T and concentration c 
S c -
at the particle surface. The resulting relation 
or equivalently 
* = *C<b , Y ,3) 
+s = *s(^» Y ,3) 
(C8) 
(C9) 
together with Eq (C5) and CC6) can be used to calculate T and c 
in terms of c. and T. . 
1 i 
We shall write below these relations in terms of the Thiele 
modulus <f> . , the nondimensional activation energy Y- > and the 
heat release parameter 3. based on T. and c. . According to the 
definitions given by Eqs (7) and (10), we can write 
Y = Y ^ W 3.CT./T )(c /c.) l i s s i 
T S 1 S I 
(c
 /c.)(n-l)/2-Yi(T1/Ts-l)/2 
(ClOa) 
(ClOb) 
When Eq.(C5) is written in terms of the variable 3. 
obtain 
we 
(T /T.-l) = (aB./v)(l- c/c.) 
S I 1 S I 
(en) 
The relations of the form (C9) obtained in our analyses of 
the different regimes of decomposition, can be combined with Eqs, 
(C6) and (CIO) to yield an explicit relation 
*.(cs/c.) (n-l)/2-Yi(Ti/T -l)/2 = 
|{3a(c./cs-l) , Y i(T i/T s) , &±(T . /Tg)(cs/c.)} (C12) 
4c.-
between d> . and c , or T , for given values of T. , c. and the 
1 s s 1 1 
Sherwood and Nusselt numbers a and v. 
The mass and heat transfer rates K (c--cs) and h(T£-Ts) are 
also linear functions of c , or T ; so that from Eq (C12) we can 
s s ^ 
easily obtain an explicit relation for <f> . in term of the heat or 
mass transfer rate, for given v , a , T. and c. . The effective-
ness factor n.,based on the interstitial properties, defined by 
the equation 
so that 
K (c. - c ) = (Dc./a)n.<H/3 
C I S X 1 1 
n . = 3a( 1 - c /c . )<f>7' 1 s 1 i 
(C13) 
(cm) 
can also written explicitely in terms of the surface concentra-
tion . 
The explicit relation (C9) leading to the explicit relation 
(C12) for <f> . in terms of c or, as a consequence, the mass trans-
1 O 
fer rate, can be used for parametric studies to find the regions 
of multiplicity of decomposition modes. 
In the limit v -*• °° and a -*• °° , c and T coincide with c. 
s s 1 
and T.,and the analysis of the main text is directly applicable , be_ 
cause there is no external heat and mass transfer resistance. The 
influence of external heat and mass transfer resistance on the 
decomposition rates by catalytic particles, and the conditions 
for uniqueness or multiplicity of decomposition modes, has been 
5c . -
considered, among others, by Hlavacek , Marek and Kubicek (1968), 
Kesten (1969), and Creswell (1970) who integrated the conserva-
tion Eqs (2) and (3) with mixed boundary conditions. Hatfield 
and Aris (1969) treated the problem of infinite slabs, for which 
the mass conservation equation can be solved in terms of quadra-
tures for all the decomposition regimes. Mc Greavy and Creswell 
(1969),and later Kehoe and Butt (1970), used an approach similar 
to the one presented here , in considering the cases when the Thie_ 
le modulus <)> is large enough for the reaction to occur in a 
thin surface layer, so that the asymptotic analysis of Petersen 
is applicable. 
We shall indicate below how Eq (C12) simplifies for the 
limiting regimes discussed in our analysis. 
For values of y3 < < 1 9 corresponding to y.3. << 1 , the 
particle can be considered isothermal in first approximation. 
We obtained a relation, Eq (A7) of Appendix A, for $ in terms 
of <J> , which was written explicitely, Eqs (A8) and (A9) for ze_ 
ro order and first order reactions. For first order reactions, 
we obtained the relation 
$ = 3(<j> cth(|> -1) (C15) 
s s 
which should be inverted to generate <f> ($). 
b
 s 
Notice that for y«3. << 1 the dependence of $ in (C12) on the 
last two parameters disappears. The incipient non-isothermal 
6 c. -
effects in the particle reaction rate were taken into account in 
Appendix A to generate the relation (A21) between $ , <j> and y3« 
The asymptotic decomposition regime for large $ was ana-
lyzed in Appendix B , where we obtained Eq (B18) for $ in terms 
of <j> . From the expansion (B18) we can obtain the expansion 
<j>s = {3Po(l)}-1{*-3P1(l) + --- } (C16) 
where P and Pj are functions of y3 and 3 , involving integrals 
of the reaction rate. We gave P and P. , explicitely, for zero 
and first order reactions, and values of yg of order unity or 
large. 
i 
We analyzed in the main text also the cases where |yS|» 1 
leading to a relation between 5 = $2y3 and w = <|>Y3 , obtained 
from Eq (35). For endothermic reaction Eq (40) is an approximate 
explicit representation of <5(<i>) as seen in Fig.6. For exothermic 
reactions the solution of Eq (35) is represented in Fig.5. The 
curve w(6) is multivalued in the range 1.63 < 6 < 3.32; no solu-
tion exists for 6 > 3.32. Only the lower branch of the curve may 
be expected to correspond to a stable,weak, mode of decomposition. 
As seen in Fig.5 the three term expansion, Eq (3 9), for small val-
ues of a) gives a fairly accurate representation for the lower 
branch of o)(6). A, strong, mode of decomposition exists for Y3 > 1 , 
for which the relation between <(> and u) is given by Eq (59), or 
2<x<}> = ($ + 3 ) 2 / 3 $ ( C 1 7 ) 
s 
w h e r e a, i s g i v e n by Eq ( 6 1 ) . 
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LIST 0? FIGURE CAPTIONS 
Fig.l The effectiveness factor for small values of 3 , as a fun£ 
tion of the Thiele modulus and the parameter yS« (n= 1). 
Fig.2 The nondimensional observable particle reaction rate $ for 
small values of 3 , as a function of the Thiele modulus 
and the parameter Y3« First order reactions. 
Fig.3 The first two terms of the expansion, Eq.(24), of */3 and 
n for small values of y3 > a s a function of <f> for n = 1. 
Fig.4- The asymptotic form of the effectiveness factor for <J> -*• » 
as a function of Y 3 f° r several values of 3 » for first 
order reactions. 
Fig.5 The effectiveness factor n, 6(0) and UJ = $ Y $ a s functions of 
6 = <|>2Y3 s for exothermic reactions of zero order or 
s 
exothermic reactions of arbitrary order with large y3 » 
in the "ignition" regime. The dashed line corresponds to 
the expansion (39) for small u . 
Fig.6 The effectiveness factor n s 6(0) and -0)=$y3 as functions of 
-6 » < | > Y $ , for endo thermic zero order react ions or reac-
s 
tions of arbitrary order with -y8 large. 
Fig.7 Schematic representation of the distributions of concen-
tration and temperature within a catalytic particle for 
large values of y$ in the thin reaction zone regime. The 
dashed lines correspond to the asymptotic distributions 
in the limit Y 3 "*" °° » with a fixed Damkohler number A .. 
Fig.8 The functions $ and n Ia,2 of the reduced Thiele modulus 
2a<}> , for large values of Y 3 in the thin reaction zone 
s 
regime; for spheres Csolid lines) and infinite cylinders 
(dashed lines ). 
Fig. 9 The functions $ and n/a2 of the reduced Thiele modulus 
2a<f>' , for large values of y3 in the thin reaction zone 
s 
regime; for infinite slabs (<j>' = <f> , lines with dots 
S 5 
and dashes), infinite cylinders (<J> ' = $ /2, dashed lines) 
S 5 
and spheres (<j>' = <j> /3 , solid lines), 
s s 
Fig.10 The effectiveness factor n as a function of <t> for some 
s 
typical values of yP and 3 as obtained, for first order 
reactions, from the asymptotic analyses for the various 
decomposition regimes. 
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T -
T A -
v 
YA -
Parameter defined in (32), 
External surface area of catalyst particle per unit volume 
Particle radius. 
Constant defined in (M-6). 
Frequency factor of hydrazine decomposition, 
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Defined in (31). 
Specific heat of constant pressure. 
Diffusion coefficient. 
Mass flow rate per unit cross area of the chamber. 
Heat of reaction for hydrazine decomposition. 
Heat transfer coefficient. 
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Mass transfer coefficient of species j. 
Reaction rate. 
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p - Density. 
x - T -T Q . 
<J> - Thiele modulus. 
S>u.b&c.h.£p£i> 
a 
b -
c 
f -
h -
i 
ind-
o 
s 
t 
hom -
ammonia 
boiling 
cross section 
reference value, 
hydrazine 
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1.-
STEAVY STATE AUALYSTS 0? HYVKAZ1UE 
M0N0PR0PELLANT THRUSTERS 
I. TUTROVUCTTOU 
The purpose of this work is the theoretical analysis of 
the steady state operation of hydrazine monopropellant thrusters 
In the operation of these thrusters, hydrazine enters in 
pure form in the catalytic chamber and flows through the inter-
stices between the catalyst porous particles. Part of the hy-
drazine will leave the interstitial fluid to penetrate into the 
particles by diffusion and will decompose there catalytically 
to yield ammonia, hydrogen and nitrogen. The ammonia itself may 
also decompose catalytically within the particles to yield more 
hydrogen and nitrogen. 
The products of these decomposition reactions, leaving 
the particles by diffusion, will be incorporated to the inter-
sticial fluid which thus will change in composition when flowing 
along the chamber of the thruster. Because of the thermal ener 
gy release associated with these reactions - positive for hydra_ 
zine decomposition and negative for ammonia decomposition a cer 
tain amount of heat will leave the particles by heat conduction, 
resulting in changes in the temperature of the interstitial 
fluid along the catalytic chamber. 
2.-
For sufficiently large temperatures of the interstitial 
fluid the homogeneous gas phase decomposition of hydrazine 
should also be taken into account. 
At the end of the catalytic bed the fluid will then have 
a certain composition and temperature that will depend upon the 
operating parameters of the thrusters, i.e., bed loading, bed 
packing, size of the catalyst particles, length of the catalytic 
bed and, of course, of the initial state of the hydrazine in-
jected. Knowledge of this state of the fluid, at the end of the 
catalytic bed, will lead to the determination of the perform-
ances of the thruster. 
II. GOVERNING EQUATIONS 
The description of the steady state evolution, along the 
reaction chamber, of the temperature, pressure and concentration 
of the interstitial fluid between the catalyst particles, can 
be obtained from the conservation equations of energy,momentum, 
and mass for each of the species, together with the equation of 
state for the mixture. 
When writing the mass and energy conservation equations, 
it will be assumed that the temperature and concentrations are 
uniform across the chamber. Heat conduction and mass diffusion 
along the chamber will be neglected, the same that heat losses 
to the wall of the chamber. 
3 . -
The energy conservation equation states that the incre-
ment, per unit distance along the chamber, of the thermal 
enthalpy flux per unit cross sectional area of the chamber is 
due to the thermal energy release per unit volume and time as-
sociated with two reactions corresponding to the heterogeneous 
catalytic decompositions of hydrazine and ammonia. Each of 
these reactions contributes to the mass production rate per 
unit volume of the individual species, which results in a rate 
of change of the flux of each species along the chamber. 
In the range of temperatures and pressures appropriate 
for the operation of hydrazine monopropellant thrusters , the 
overall heterogeneous decomposition reactions of hydrazine and 
ammonia can be represented by the expressions 
N2Hi(. + NH3 + 0.5N2 + 0.5H2 (1) 
NH3 -> 0.5N2 + i. 5H2 C2) 
respectively. Reference 1 also gives the following expressions 
for the corresponding reaction constants per unit mass of 
reactant 
kh = 1010expC-1389/T) (3) 
k = 2.53 x1012p"1-6expC-27778/T) O ) 
a n 2 
Subscripts h and a mean hydrazine and ammonia respectively, k 
4 .-
and k are given in sec" if T is in °K and PTT in gr/1. For 
the homogeneous decomposition of hydrazine in the interstitial 
phase, the reaction is also represented by expression (1) and 
1 
the corresponding reaction rate is : 
k.hom = 2 < l g x l o 1 0 e x p C _ 1 8 3 3 3 / T ) _ 1 _ 
h sec 
To calculate the rates, per unit volume and time,of the 
thermal energy release and mass production of each species, as 
sociated with these heterogeneous reactions, the mass and ener 
gy production rates, associated with each individual particle, 
will be multiplied by the number of particles per unit volume. 
In order to write the appropriate governing equations 
we shall first give a description of the different regions 
that appear in the catalytic chamber. 
There is a first region of the bed chamber, the induc-
tion region, in which the hydrazine is still in liquid form 
and the temperature is below the boiling temperature at the 
chamber pressure. The heterogeneous decomposition of ammonia 
will be frozen, and will not make any significant contribution 
to the decomposition mechanism. The only relevant decomposi-
tion reaction, in this region, will then be the catalytic de-
composition of hydrazine. It will be shown later that this 
region ends up with a sudden increase of the temperature to 
5.-
the boiling temperature of hydrazine. This induction region is 
followed by a region where the gaseous and liquid hydrazine 
coexist and when the temperature is approximately equal to the 
boiling temperature of hydrazine at the governing pressure. It 
can be shown that the thickness of this two-phase region is 
very small compared to the thickness of the induction region. 
At the end of the two-phase region the mixture is in gaseous 
form. 
After this there is a post induct ion region where the 
fluid is in gaseous form and both the heterogenous hydrazine 
and ammonia decomposition processes are of importance. The in-
terstitial fluid temperature first increases because of the ex-
othermic hydrazine decomposition processes, reaches a maximum 
and then decreases when the endothermic ammonia decomposition 
takes over. 
fhe appropriate equations to be used in the postinduc-
tion region are: 
dY. . 
(G/p.) -r^ -i- = -K:(Y..-Y. )A (5) 
K i d z c 31 3 s p 
dc T . 
G ,p X = -h (T.- T ) A (6) 
dz c I s p 
The first equation expresses that the increase in the mass of 
the different species in the interstitial fluid is due to the 
6 .-
mass transfer between the catalyst particle and the interstitial 
fluid. This mass transfer is assumed to be proportional to the 
difference between the mass fraction of each specie in the par-
ticle surface, Y. , and the corresponding value in the intersti-
D s 
tial fluid, Y.. . The heat transfer is supposed to be proportion 
al to the difference between the temperatures of the particle 
surface and the interstitial fluid. j denotes the different spe_ 
cies, hydrazine, ammonia, hydrogen and nitrogen. The heat and 
mass transfer coefficientes , h . and K , can be taken from the 
' c * c ' 
1 
literature, for example, Kesten gives: 
K-
0.41 0.667 
0.61G A y p .D. . 
(7) 
A u 
hp = 0.74 (_£_) 
0.4-1 
c G 
P 
(8) 
G is the mass flow rate per unit cross area of the chamber. 
A is external surface area of the catalyst particles per unit 
volume. Both G and A are supposed to be data of the problem. 
The contribution of the homogeneous decomposition of hy-
drazine should also be taken into account en equations (5) and 
(6), by adding in the right hand side of these equations a term 
that,for the case of hydrazine decomposition,would be of the 
form 6Y, .k ' and that should be compared with K Y, A . If hi h ' ^ c h. p 
Vl ^ /^ TT1 
the nondimensional parameter K A /5k; is much la,rger than one 
r
 c p n & 
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then the homogeneous hydrazine decomposition can be neglected. This 
happens for most cases of interest. 
The density of the fluid, p , is given by the equation of 
state: 
p = pTR 
H 2 N2 a h 
_ + —,— + — + — 
28 17 32 
(9) 
R is the universal gas constant, c and u are known function of 
P 
the state of the fluid. 
The variation of pressure along the chamber can be taken 
into account by using the momentum equation for which ref.l gives 
the following expression, known as Ergun formula. 
dp 
dz 
1 - 6 1.75 + 150(1-5) 
2ap 
(10) 
2aG7y 
5 being the void fraction,a the particle radius,and u the fluid vis 
cosity. However,in our analysis we suppose that the pressure varia-
tions are small compared to the pressure itself,and we will use a 
constant value for p when solving the above conservation equations. 
After the problem has been solved equation (10) can be used to cal-
culate the pressure less through the chamber. 
Equations (5) and (6) can then be considered as a system of 
five differential equations for the five unknowns: T..Y . ,Y,.,Y.r ., 
^ I ' ai ' hi' N„i' 
Y .. The corresponding values of the temperature and mass fractions 
at the particle surface that also appear in these equations have 
to be found by a detailed analysis of the processes within the parti 
cle. This calculation has been done in Appendix A of this part, where 
expressions have been found that relate these mass fractions and 
temperatures at the particle surface and in the interstitial fluid. 
The initial conditions for the system (5) and (6) are pro-
vided by the values of the temperature and mass fractions at the 
end of the vaporization region. Equations (5) and (6) are not appro 
priate to study the vaporization region. Instead of this,the equa-
tions in that region will be written in terms of the utilization 
factor that is the factor by which we should have to multiply the 
particle volume and the reaction rate that would be obtained consid_ 
ering that the conditions in the particle are identical to those 
in the interstitial fluid,to obtain the actual production rate. 
The appropriate form of this utilization factor has been obtained in 
Appendix A of this work. However, the detailed solution of the equa-
tions in the induction region is not really needed to obtain the 
initial conditions for the post induction region. As it will be 
shown an overall conservation equation for the vaporization region 
is sufficient to calculate these initial conditions. 
III. INVUCTION REGION 
In the steady operation of hydrazine monopropellant thrust-
ers , the temperature of the fluid in the region adjacent to the 
injector, - the induction region - although increasing along the 
chamber due to the heat release within the catalyst particles, is 
of the same order of magnitude of the temperature of the injected 
hydrazine. 
Due to the large value of the heat of vaporization of hy-
9.-
drazine, the induction region is characterized by the fact that 
the temperature of the interstitial fluid keeps a value very-
close to the one corresponding to injection until a certain sta 
tion in which there is a temperature runaway, or precipituous 
rise in temperature, and the hydrazine, after reaching the 
boiling temperature, is then rapidly vaporized. 
The length of the induction region will be associated 
with the station where the precipituous rise in temperature 
occurs. We neglect the additional length required to obtain 
complete vaporization of hydrazine. 
To calculate the evolution of the temperature of the 
fluid in this region we shall assume that because of the low 
value of the characteristic temperature in this region, the 
contribution of the heterogeneous decomposition of ammonia is 
irrelevant. In addition, it is also necessary to take into ac 
count, the heat of vaporization of hydrazine, L , that has to 
be substracted from the heat of reaction for hydrazine decompo 
sition H, . With these simplifications the energy conservation 
equation adopts, in this region, the following form 
dT 
~dz~ 
H, - L h 
Gc„ — Ap kh n p Yh (11) 
The functional form of the utilization factor, n , in 
this region can be obtained by assuming, following the work of 
10 .-
Kesten , that liquid hydrazine does not wet the surface of the 
catalyst particles, so that these particles are surrounded by a 
gaseous layer in which the hydrazine vapor is in equilibrium 
with the liquid phase. This assumption means that the concen-
tration of hydrazine at the surface of the catalyst particles 
is a known function of the temperature and pressure, as given 
by the Clausius Clapeyron equation. Thus, we shall use in eq. 
(11) this equilibrium value for the density of hydrazine, and 
an utilization factor, n , corresponding to the case when a 
thermal or diffusional boundary layer external to the particle 
doe s not exist. 
It can be seen that for the conditions appropriate to 
the operation of these thrusters , the asymptotic form of the 
utilization factor in this region is given, as shown in Appen-
dix B , by 
n = 3/$, (12) 
so that eq. (11) may be written as 
dT 
"dzT 
H, - L 
n 
aA k, p 
p hKhs 
(13) 
where p, is given by the following approximate form of the Clau_ 
sius-Clapeyron equation, for constant L , namely 
RT 
m. 'hs 
p exp(-L/RT) 
r
 vr c 
(14) 
11. 
and p is a constant. In these equations rvr ^ 
$h = a 2 k h / D h • (15) 
where D, is the diffusion coefficient of hydrazine i'n the par-
ticle, and 
kh = b h e*P(- T A/ T) 
so that it is possible to write eq.(13) as 
( 3 a ) 
dT 
""dz" Gc A p nrT1 / D , b , e x p f -p r v r RT h h r v-
L/R + TA/2, 
(16) 
to be solved with the initial condition 
at z = 0 T = T (17) 
It is worth to note that, because of the large value of 
L/R , the apparent activation temperature, L/R+T./2 , in equa 
tion (16), is much larger than the characteristic temperature 
of the fluid in this region, so that small increments in terape 
rature above the initial value T produce large changes in the 
reaction rate in Eq.(16), by changing the exponential factor 
without affecting the value of the preexponential factor. 
If one is interested in the study of the region in which 
the temperature departure from its initial value T- T , is 
small but sufficient to produce relative increments of order 
unity in the reaction rate, then this exponential function may 
12 . -
2 be l i n e a r i z e d in t h e manner of F rank -Kamane t sk11 , as f o l l o w s , 
L / R + T . / 2 L / R + T . / 2 L / R + T . / 2 
e x p ( - A - ) - e x p ( ) e x p ( — i — ( T - T )) (18 ) 
L/R + TA/2 
Therefore by assuming that in this region (T-T ) 
T 2 o 
o 
is at most of order one, the evolution of temperature is given, 
in the first approximation by the equation, 
dx 
dz C exp 
(L/R+ T , / 2 ) T / T 2 
A o 
(19) 
with T = T- T and the constant C given by the following expres-
o 
s ion : 
H, - L A h P C = £— p nu r ^ m vD, b, exp 
G rvr RT ho h F 
-(L/R + T./2)/T 
A O 
(20) 
where D, is the value of the diffusion coefficient for T= T , ho o 
the value of the temperature of hydrazine at the injector site. 
The effect of the chamber pressure in this equation is 
through the diffusion coefficient which depends upon the pres-
sure as the inverse of its square root. 
With the boundary condition, T = T at z= 0 , the solu-
tion of Eq (19) becomes, 
T = L/R + TA/2 In 1 - C 
L/R+ TA/2 
(21) 
13, -
It is interesting to note that, according to this equa-
tion, T increases slowly along the axis of the catalytic bed. 
However, when z approaches a certain value given by 
'ind L/R + T J1 (22) 
T grows very rapidly towards infinity. 
By taking C from equation (20) into (22) and using the 
following values: 
cal H,_ = 107 0 h gr 
L = 10300 
c = 0.7332 
cal 
mol 
cal 
gr °K 
b, = 10 1 0 1/seg. 
D p= 4.487 x 10 T2New/seg, 
m 
vr R 
P- = 2.4944 x 108 S^- °K 
m^ 
TA = 1389°K A 
L/R = 5175°K 
equation (22) takes the form: 
' i nd 
5 .6381 x l O - 1 9 4 ^ - T 2 exp 5 8 ^ 5 
A o r T 
which is plotted in Fig.l. z. , is given in meters, G in Kg/m2seg 
m d tot. 
A in 1/m , p in New/m2 , and T in °K. p o 
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At this section, z = z. , , the temperature of the fluid 
ind ^ 
will reach the value corresponding to the boiling temperature 
of liquid hydrazine at the existing local pressure". The in-
duction region will be followed by a two phase flow region in 
which the temperature of the fluid will keep a constant value, 
equal to the boiling temperature of the liquid; however, since 
the extent of this two phase flow region is small compared with 
that of the induction zone, we shall not carry out a detailed 
analysis of this thin region although we shall take into ac-
count its global effects; this is accomplished by considering 
that, at the end of the induction zone the hydrazine is com-
pletely vaporized and that the value of the temperature of the 
gaseous mixture coincides there with the boiling temperature 
of liquid hydrazine at the local pressure. In order to estima 
te the thickness of the two-phase flow region, we shall now 
make the following calculations. The global energy conserva-
tion equation, in the two phase flow isothermal region, simply 
states that the heat release due to the exothermic catalytic 
decomposition of hydrazine is entirely absorbed by the vapori-
zation of the liquid hydrazine. Mathematically, if we denote 
""' The boiling temperature T is the temperature for which the 
partial pressure of the hydrazine given by (1M-) equals the 
local pressure or, within our approximation, the injection 
pressure 
L/RTb = ln(pvr/p) 
15 . -
by 1" the length of the isothermal region, then the energy con-
servation equation adopts the following form: 
l^H^k^P.n = LG h h h 
It is straitforward to see, using Eq (22), that the ratio 
between this length, 1", and that of the induction region is 
'ind To Cp To Hh 3 V Dhb 
exp 
T,-T L 
T, T VR + b o 
which is indeed very small, since the value of the preexponential 
factor is of order unity while that of the exponential factor 
is small, of the order of exp(-8). 
IV. POST-INVUCTION REGION 
The post-induction region is the region where the fluid 
is in gaseous form after it has been vaporized in the previously 
analyzed induction region. In this region the heterogeneous de-
composition processes of ammonia and hydrazine have to be taken 
into account. Both processes take place within the particle 
where the products are created and heat is generated or consumed 
according to whether the hydrazine or ammonia decomposition proc 
ess is dominant. The products created and the heat generated or 
consumed diffuse from the particle to the interstitial fluid, as 
16.-
expressed by equations C5) and (6). The production mechanisms 
are then dominated by the particle temperature that, as we shall 
see, is always fairly large and has its maximum value at the be_ 
ginning of this region, whereas the interstitial temperature 
reaches its highest value later. The production and diffusion 
processes within the particle have been studied in the previous 
part of this work and the results obtained there will be used 
here . 
The initial conditions for equations (5) and (6) state 
that at the beginning of this region the temperature T of the 
gaseous mixture takes the value T, corresponding to the boiling 
temperature of the liquid hydrazine at the local chamber pres-
sure. We have to determine now the initial values of the mass 
fractions of the species. In order to do this, we observe that 
in the previous region only hydrazine was decomposed, according 
then to the stoichiometry indicated in equation (1), the follow-
ing relations held for the mass fractions of the different spe-
cies at the end of the vaporization region 
Y , = (17/32)(J- - Y. . ) 
ab ho 
N2b = CU/32)(1 - Yhfc) 
C23) 
C2 4) 
Y H 2 b s C l / 3 2 K 1 - Y h b ) (25) 
The mass fraction of hydrazine Y, , is determined by ap 
17 .-
plying the global energy conservation equation between the injec 
tion section and the section marking the end of the induction re 
gion; if we neglect the small contribution of the changes in ki-
netic energy, this energy equation states that the specific en-
thalpy of the fluid must be constant. Thus we obtain 
h,Y, + (17h + 14h.. + h„ )(1- Y,)/32 
h h a N„ H^ n 
(26) 
In this equation h. is the specific enthalpy of species j and 
h, is the specific enthalpy of the liquid hydrazine at the tern 
perature of injection. From equation (26) it is obtained the 
following, correlation giving Y^, as function of T, 
0.87 - 0.0006T, 
2 . 
h b "• b 
deduced by substituting the values of the enthalpies^ in equa 
tion (26) for the intervals 
(27) 
273 < T < 300°K 
— o — 
400 < T , < 600°K 
— b — 
The dependence of Y. , with T is very slight for the above inter r
 hb o J b _ 
val and consequently has been neglected. 
Our initial conditions for the equations (5) and (6) are 
given by equations (23), (24), (25) and (27) with 
T. l (28) 
18.-
The terms of the right hand side of equation (5) have been 
obtained in the Appendix A of this part, that gives for the 
species production: 
Y . . - Y . 
V .c 
aj a 
p .K i 
*i c 
K 
c 
'hi C29) 
N 2 , H2 , a , 
aa 
•1 . 
and 
Y, = 0 hs (30) 
The hydrazine mass fraction at the particle surface was 
found to be very small compared to the corresponding value in 
the interstitial fluid. 
The last term of (29) expresses the contribution of hydra 
zine decomposition within the particle, v . being the stoichio-
metric coefficients for hydrazine decomposition. The first term 
of the right hand side of (29) gives the contribution of ammonia 
decomposition and c is given by: 
3. 
c = p D 
a s as a 
as (31) 
where D is the diffusion coefficient for ammonia within the 
as 
particle evaluated at the conditions of the particle surface , 
and 
A = <fr cth <j> - 1 (32) 
19. -
(33) 
k is the reaction rate for ammonia decomposition [equation (4)) 
as *• \ i j 
evaluated at the particle surface. 
The right hand side term of equation (6) that gives the 
heat production within the particle is given by: 
T. - T 
1 s 
H c 
a a 
H, p .Kh hr I c 
Y hi (34) 
where as before the first term of the right hand side expresses 
the heat consumed in the ammonia decomposition, and the second 
one the heat released in the hydrazine decomposition. With 
equations (29) to (34) the right hand side of equations (5) and 
(6) are expressed as implicit functions of the conditions in 
the interstitial fluid in the form: 
dY Tii 
dz 
•K A Y, . 
c p hi 
(35) 
-5 (Y . . + v, .Y, .) B A v .c 
dz- ji h] hi p a] a 
(36) 
j = a , N 2 , H2 
-£— (c T. + H.Y, .) = -H c A dz p i n hi a a p C37) 
By combining linearly equation (36) corresponding to ammonia 
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conservation with the other two equations corresponding to hydro-
gen and nitrogen conservation and the energy equation (37) it is 
possible to cancel the effect of the ammonia decomposition ex-
pressed by the right hand side of these equations. In this way 
we can express that the following linear combinations of tempera 
ture and concentrations do not change with z 
v „ (Y . + v, Y, . ) + YrT . + v.. , Y, . = v .. v, + v„ , aN» ai ha hi N i N„h hi aN ha N_h (38) 
v
 tI (Y . + v, Y, . ) + Y„ . + v„ , Y, . = v „ v, + v„ , 
aH„ ai ha hi H_i H2h hi aH. ha H2h 
(39) 
H (Y . + v, Y, . ) - c T. - H. Y, . = H v, -c T, - H, Y, . (40) 
a ai ha hi p i h hi a ha p b h hb 
where the right hand sides of these equations have been calculated 
using the initial conditions (23) to (25) that can be alterna-
tively written as 
Y ., + v, .Y, , = v, . jb h] hb h] C23a) 
1 ~ a , N„ , H, 
and equation (28). 
In analogous way it is possible to combine equations (29) 
and (34) to eliminate the term containing the ammonia production, 
and an algebraic combinations similar to those expressed by (38) 
to (40) can also be obtained. As a matter of fact,the only dif-
ference will consist in making the substitutions 
21 . -
Y. . + K:CY, . - Y. ) , Y, =0 j 1 c j i ]s ns 
c ' T . -*-
P 1 
— — CT. - T ) p . 1 s 
in the left hand side of these equations and equating them to 
zero. If we assume that the Schmidt numbers for the different 
species are approximately equal to one then 
KJ = K 
0.74G 
p . c 
1 p 
A u 
0 .41 
(7a) 
and equations (38) to (40) are valid for the mass fractions and 
temperature of the particle surface, taking into account that 
Y, is equal to zero. Using the stoichiometric coefficients 
hs n & 
corresponding to equations (1) and (2) we obtain the following 
relations equivalent C38) to (40) 
14 7 7 
Y . + Y„T . + —z- Yn , = 17 ai N2i 8 hi
(38a) 
14 
Y + Y, 17 as N s 
(38b) 
3 1 1 
— — Y + Y + — — Y = —— 17 ai H2i 8 hi 8 
(39a) 
Y t Y, 17 as H2s 
(38b) 
22.-
a. p d p 
17 
as 32 
( i + Jl Y ' b c hb» 
P 
(40b) 
The values of Y . , Y, . , and Y needed to complete the system 
ai hi as r J 
(38a) to (40b) are obtained from the equations (35), (36) (for 
j = a ) , and (29) (for j = a ) . 
In order to solve these equations the temperatures were 
made nondimensional with the value 
H, 
T = T + 
f b * c. 
hb 0 = T/T, (41) 
that can be interpreted as the maximum temperature that would be 
reached by the mixture is there would not be ammonia decomposi-
tion. In an analogous way we can define a reference value of 
the density, pf , that would correspond to the temperature given 
in (41) and mass fractions of (17/32), (1/32), and (14/32) for 
the ammonia, hydrogen and nitrogen respectively, that would 
correspond to the same physical situation presented above: 
p f = 32pR f = (pmf)/(2RTf) (42) 
The distance along the chamber is made nondimensional with a 
length related to the external mass transfer to the particle 
5
 =
 z M APKcf = °-74 AP ( - V ) (43) 
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with this,equation (35) becomes 
dY hi 
d? .i(£> 
o.m 0.41 
•Y, .0 . 
hi i 
(44) 
if we assume that the viscosity varies linearly with the absolute 
temperature. Equation (36) for ammonia decomposition with the 
value of c taken from (31) can be written: 
3. 
d£ (-.i * ir *M> • - (f%-}fefevasA -K ,-a cf (45) af 
In this equation the factor (p /pf)(D /D ,-) can be expressed 
s ± as a r 
as function of the non-dimensional particle temperature 6 , and 
the mass fractions of the particle if we assume that the ammonia 
diffusion coefficient within the particle can be expressed as a 
product of different powers of pressure and temperature. In our 
calculations we shall assume that 
D = BT2/p 
a 
(46) 
that would correspond to the case where diffusion in the particle 
is in the continuum limit. The parameter A is related to the 
Thiele modulus <j>, by equation (32) and from equation (33), can be 
expressed as: 
k 1/2 D _ 1/2 
af a 
k
 j:a
2/D _ 
af af (47) 
From equations (4) and (46) that give k and D and using (41) 
ct 3. 
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and (42) it can be seen that the ratios k /k _ and D ,_/b can be 
a af af a 
expressed as functions of 0 , the mass fractions at the particle 
surface and the parameter T /T- , where T is the activation tern 
a t a — 
perature for ammonia decomposition (equation (1)) equal to 
27778°K. 
Equation (29) for j = a can be written as: 
ai 
D _ p P j - D K „ Y
 - • (^"..Cp-fHTrHirrMir1)- g \ , 
cf f I af c 
as 
(48) 
In an analogous way it can also be seen that the last 
four factors of this equation only depende on 0 , 0. and the mass 
fractions• 
So far,if equations (35) (36) (for j= a) and (29) (for 
j= a ) , are written in non-dimensional form ((44), (45) and (48)) 
only the three non-dimensional parameters (D _/K ^ a ) , (T /T_) 
J
 r
 af cf a r 
and $- appear in our problem. In addition we shall also consider 
the parameters appearing in the algebraic system (38a) to (40b): 
'ij ' 
c T. 
P f 
c T. 
P f 
a h 
and those related to the initial conditions for the post induct ion 
region (equations (27) and (28)} that are 
'i<°> = °b = T b / T f hb 
However, it turns out that the dimensional number 0.0006°K 
(49) 
•1 
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appearing in (27) is very approximately equal to H,/c . Then,on 
using equations (41) and (27) we obtain that 
Yhb = ° - 8 7 - -Az eb ( 5 o ) 
P f 
and that 1 is constant equal to 1450°K. If we assume as we already 
have done that the stoichiometric ratios v.. are those correspond 
i] -
ing to equations (1) and (2) and that the numbers c T^/H , 
p f a 
c T^/Hh , T /T_ are constant, because T,- is also constant, the p f u a f r 
only parameters appearing in our problem will be: 
D a f/CK c fa) , c|)f , and &h 
However, it frequently happens that the Thiele modulus <j> is a 
large quantity and then A [equation (32)} can be written as 
A - <|> (32 ,a) 
Then in equations (48) and (45) only could appear as a parameter 
the product of D „/(K ,-a) and d>_ that we shall denominate J. r
 ar cr r 1 
J, = (k .D a.) 1 / 2/K (51) 
1 ar ar cr 
We observe that in this approximation the particle radius does 
not appear in our problem. This is due to the fact that both 
hydrazine and ammonia decomposition take place at the particle 
surface in the limit of large Thiele modulus. The parameter 
J can be interpreted as giving the ratio between the character-
istic velocity for diffusion of ammonia within the particle as-
sociated to its chemical production and the velocity of external 
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diffusion from the interstitial fluid to the particle. It may-
be more convenient to operate with the associated heat transfer 
processes, consequently we modify the definition of Ji, by mul-
tiplying it by the factor (H /c T,.) and calling it J 
J = H Ck -D -)1/2/(c T,K ,) 
a ar ar p f cf (52) 
All our calculations will be presented for different values of 
J , <J>f , and 0, . For large values of <f>,- the results will only 
depend on J and 0, . On the other hand 0, only depends on the 
boiling temperature of hydrazine that in turn only varies with 
chamber pressure. If the chamber pressure changes from 7 to 
70 atm the values of 0, vary from 0.31 to 0.39, on the other 
hand, in practical cases J can vary by a factor of one hundred. 
Consequently we may conclude that in most practical cases the 
behaviour of the thruster can be characterized by the single 
parameter J. 
Another way of writing the parameter, J , will be by sub 
stituting the values of k ,. , D ,. , and K _ from equations (4), to
 af af cf ^ 
(4-6) and (7a) with the reference values of densities and tempe-
ratures given in equations (4-1) and (42), into equation (52): 
1/2 13.7H (Bb ) ' exp(T /2T.) 
a a r a r 
c p(RT f/m h) 0.2 p G(A y/G) 
(53) 
19 1 R 
where b Is the preexponential factor 2.53x10 Cgr/1.) * /sec 
3 
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appearing in equation (4). The first factor in equation (53) is 
constant, and for B = 2 x l 0 ~ 8 Cdm2/sec.)(atm/°K2), its value is 
200 atm°*3gr/dm2sec. J will then change proportionally to G" 0 , 5 9, 
p~ 0" 3, and A , and its range of variation for typical thruster 
behaviours is between 0.1 and 10. 
The results of the integration of a typical case with val-
ues of J = 0,56 , 4> = 9 0, and 8. s 0,31 has been presented in fig-
ure 2 . 
The temperature at the surface of the particle, 0 , has 
its maximum value at the beginning of this region,and decreases 
afterwards, whereas the interstitial temperature reaches a max-
imum, and then decreases. This maximum value occurs when the 
interstitial and particle temperatures are equal, then, there is 
no net heat transfer from the particle to the interstitial fluid 
and the heats evolved from the hydrazine decomposition and the 
ammonia decomposition are exactly equal and opposite. Before 
this moment, the heat evolved from the hydrazine decomposition 
is larger than that corresponding to the ammonia decomposition, 
and the net reaction is exothermic and the interstitial tempe-
rature increases, after that moment the opposite occurs and 
the interstitial temperature decreases. Consequently also 
before this maximum is reached the particle surface tempera-
ture has to be larger than the interstitial temperature, be-
cause heat is transferred from the particle to the fluid, and 
2 8. -
the opposite occurs after the maximum is reached. 
As we said before, the hydrazine decomposition is being 
governed by the rate at which the hydrazine is transferred to 
the particle, because as soon as it reaches the catalyst sur-
face it is rapidly decomposed, consequently the distance in 
which hydrazine will be decomposed will be inversely proportion 
al to the mass transfer coefficient multiplied by the specific 
catalyst particle divided by the specific flow rate, but this 
is exactly the variable with which the distance along the cham-
ber has been made non-dimensional, consequently the hydrazine 
will disappear exponentially in non-dimensional distances of 
order unity. 
The ammonia decomposition reaction is slow due to the 
high activation temperature of that reaction, and when the heats 
evolved from the hydrazine and ammonia reactions are equal, it 
is because the hydrazine concentration has become very small. So 
when the maximum interstitial temperature is reached the hydra-
zine concentration is already small. Consequently we can also 
say that after the maximum is reached, the only reaction will 
essentially be the ammonia decomposition. Since the ammonia 
concentration is decreasing, and the catalyst surface tempera-
ture is also decreasing, the heat evolved from the reaction will 
be decreasing and the difference between the interstitial and 
surface temperatures will become smaller along the chamber. All 
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the variations of the properties will be much slower in the am-
monia decomposition region, and these variations will be de-
creasing along the chamber. 
At the beginning the ammonia mass fraction increases be-
cause hydrazine decomposes, then,when the ammonia decomposition 
is more important,the ammonia mass fraction will start to de-
crease. 
The hydrogen and nitrogen mass fractions will increase 
along the chamber because both reactions will contribute to 
that increase. 
In figure 2 is also presented the value of the maximum 
specific impulse that would be obtained if the catalytic cham-
ber would be terminated at the corresponding stage , and the 
gaseous mixture would be expanded to the vacuum. The maximum 
velocity obtained in this way is 
v = /2h 
where 
h = Eh.Y. , i = h, a, N„, H„ 1 1 ' ' ' 2 ' 2 
and the values of h. have been taken from ref.2. The specific 
impulse is then 
I = v/g . 
In figure 2 it can be seen that the specific impulse first 
increases, then reaches a maximum and afterwards decreases very 
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slowly, this is associated to the variations of the interstitial 
temperature. However, the specific impulse decreases much more 
slowly than the interstitial temperature, this is due to the 
fact that hydrogen, whose molecular weight is very low, is being 
produced. 
In figures 3 and 4 are presented the maximum values of 
the interstitial and catalyst surface temperatures, 0. , 0 , as 
functions of J for different values of <j>,- and for the two pres-
sures 7 atm, and 70 atm respectively that correspond to the ini-
tial values of the interstitial temperature, 0, , 0.31 and 0.39 
respect ively. 
In these figures it can be seen that as the parameter J 
increases (mass flow rate, specific catalyst surface, and oper-
ating pressure decreasing) both temperatures decrease. The ref 
erence value of the Thiele modulus for ammonia decomposition <|> _ 
is usually large, its minimum value for practical applications 
is around 50. However, it should be noticed that the actual 
Thiele modulus appearing in equation (32) is smaller because <j> _ 
has been evaluated for 0_ = 1 that is always larger than 6 . Nev 
f J a
 s _ 
ertheless, it can be seen in figures 3 and 4 that the influence 
of the Thiele modulus is still small, and that the curves giving 
the maximui.i values of 0. and 0, for a finite value of <f> - do not 
I S x 
differ significantly from those corresponding to an infinite val 
ue of (f)j_ that would correspond to taking the value of A equal 
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to <j> as expressed in formula C32a). It should be noticed that <J> 
0.3 is proportional to a/p * so that, for the same particle radius, 
as the pressure increases the Thiele modulus is smaller, this is 
the reason why we have put different values of <(>_ in figures 3 
and 4. 
In figure 5 are presented the maximum values of 6 and 6. 
°
 r
 s i 
as functions of J for <j>_ equal to infinity and the two values of 
0,,0.31 and 0.39 that correspond to pressures of 7 and 70 atm 
respectively. It should be noticed that although the operating 
pressure changes by a factor of 10, the corresponding values of 
the boiling temperature do not differ significantly and its in-
fluence in the variation of 0 and 8. is small. 
s 1 
The dependence of the maximum values of 0 and 0. with r
 s i 
<|>_ and 9, is very small for small values J (large values of the 
flow rate). The following interpretation can be given for this 
lack of dependence with <j>„ . As it was seen before as J decreases 
0. and 0 increase, and the corresponding actual value of <j> to 
be used in (32) will be larger. 
In figures 6 and 7 are presented the maximum values reached 
by the specific impulse along the chamber as a function of J for 
different values of the reference Thiele modulus <j>_ and for 
0, = 0.31 and 0.39 respectively. As J, $- , and 0. increase the 
specific impulse decrease, however, these last two parameters 
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have a smaller influence as it happened with the interstitial and 
particle surface temperatures. 
So far it has been assumed that the mass flow rate, S G , 
c ' 
and the chamber pressure, p , are indepent quantities. However, 
if we have a given thruster and type of catalyst, those two 
parameters are no larger independent and are related by 
GS 
/RT /m 
c 
(Y+l)/2(y-l) 
(2/CY + I ) ) /y 
where S and S^ are the cross sectional areas of the chamber and 
c t 
of the nozzle, T is the chamber temperature where the catalytic 
region ends, that is assumed to be the stagnation temperature 
for the nozzle flow, m is the mean molecular weight, and y is 
the ratio of the specific heats of the mixture, y and m can be 
calculated if the composition of the mixture is known, this and 
the value of T can be obtained by integrations similar to those 
whose results appear in figure 2. However, from this figure 2 
and figures 3, 4, and 5 it can be seen that the temperature does 
not change much neither with chamber length Conce we are in the 
ammonia decon,position region) nor with operating conditions. On 
the other hand it can also be seen that y and m do not vary much 
Then G will be proportional to p and the parameter J will vary 
i •! 0.89,- . . , . like p .for a g^ven taruster, 
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V. PRESSURE PROP 
As it was stated in paragraph II, the pressure along the 
chamber decreases in an amount that is small compared with the 
absolute value of the pressure itself. By using the results ob 
tained previously we shall be able to calculate this pressure 
drop along the catalytic chamber. 
To integrate Ergun formula {equation (10)} it is neces-
sary to know the variations of u and p. along the chamber. This 
can be done by using the results of the previous paragraph. On 
using the equation of state (9) the non-dimensional distance 
along the chamber given by equation (43) and the non-dimensional 
temperature given by equation (41), Ergun formula (10) can be 
integrated in the form: 
P2 - p § 0.74 A u_ p f 
0.41 1-6 (Apa) 
RT, 
x / 1.75 + 75(1-5) 2(Apa)(G/Apuf) 
Yw Y w Y Y, 
2 28 17 32 d£ (54) 
where p, is the pressure at the end of the vaporization region, 
approximately equal to the injection pressure if we neglect the 
small pressure drop in the vaporization region that on one hand 
is short, and on the other hand has a much smaller pressure drop 
per unit length because of the low liquid velocity. This can be 
easily seen from Ergun formula ClO) if we neglect the influence 
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of viscosity; dp/dz is proportional to G2/p, G is the same in the 
liquid and gas regions, however, p is much larger in the liquid 
region. The integral in the right hand side of equation (54) can 
be evaluated with the results of the previous integrations that 
give the values of 0. and Y, as function of £ . 
Catalytic chamber lengths are chosen according to stabil-
ity reasons and ignition criteria and are usually much larger 
than the length of the initial hydrazine decomposition region 
where the interstitial temperature increases (figure 2). Most 
of the pressure drop contribution will come from the ammonia de-
composition region where the interstitial temperature and the 
concentrations will vary very slowly. On the other hand if also 
our earlier assumption of considering that the pressure decrease 
is small compared to the pressure itself is valid,the right hand 
side of equation (10) will be independent of z and can be inte-
grated readily giving a linear variation of the pressure de-
crease with z. With this, the total pressure drop can be written 
in the form: 
_i£„ =
 1 < 7 5 (i4}YM2(i> 
if we assume that the Reynolds number (aG/u), as it usually hap-
pens, is large and we can neglect the second term in the right 
hand side of equation (10). Although the chamber length, 1 , is 
much larger than the particle radius, a , the Mach number at the 
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end of the catalytic chamber is very small and our earlier as-
sumption of considering Ap much smaller than p usually holds. 
For example if S c/S t is 30 and y - 1.4 the corresponding Mach 
number is 0.02. 
V. CONCLUSIONS AMP COMPARISON WITH EXPERIMENTS 
The theoretical analysis of the steady state operation 
of hydrazine monopropellant thrusters has been made by dividing 
the length of the chamber in three regions: 
a) Induction /i&gJLon: goes from the injector until the point 
where the boiling temperature is reached. The hydrazine is 
in liquid form. The length of this region is given analyt-
ically in (22), and its value multiplied by A /G/p turns out 
to be a function of only the injection temperature that is 
presented in Fig.l. The temperature distribution in this 
region is given by equation (21). 
b) TW0-ph<X& e fiZ-OW AtgX.oni its length is short compared to the 
induction length and the temperature remains constant equal 
to the boiling temperature. 
c) Po6t-X,nduc£Zon A.2.gZon: in this region the fluid is in gaseous 
form and both hydrazine and ammonia decompose simultaneously. 
The temperatures of the interstitial temperature and the sur 
face of the catalyst particle are different. This difference 
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is more important at the beginni 
decomposition process dominates 
composition process. This fact 
ence 4. In figure 2 is given a 
the relevant properties of the m 
ber for a particular case. In f 
variations of the most important 
thruster in steady state behavio 
dimensional parameters, namely, 
ture , reference value of the Thi 
called J that is the ratio of th 
ated within the particle and tha 
heat transfer to it. However, i 
cal cases, the most relevant par 
with the other two parameters is 
for low values of J. The parame 
mass flow rate, the operating pr 
surface area increase, and for a 
nulometry of the thruster is inv 
ating pressure raised to the pow 
the catalyst surface temperature 
ning of the post induct ion region 
same behaviour exhibit the maxim 
that is reached at the stage of 
evolved from the endothermic rea 
ng when the exothermic hydrazine 
over the endothermic ammonia de-
has also been noticed in refer-
plot of the variations of all 
ixture along the catalyst cham-
igures 3 to 7 are presented the 
overall properties of the 
ur as functions of three non-
nondimensional boiling tempera-
ele modulus, and a parameter 
e velocities of the heat gener-
t corresponding to the external 
t looks as though, for practi-
ameter is J and the dependence 
not significant, particularly 
ter J decreases as the specific 
essure, and the specific particle 
a particular geometry and gra-
ersely proportional to the oper-
er 0.9. The maximum value of 
, that is reached at the begin-
, decreases as J increases. The 
urn interstitial temperature, 
the chamber where the heats 
ctions are equal, and the maxi-
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mum value of the specific impulse that is also attained approx-
imately at that location. It is found (see figure 2) that if the 
catalyst chamber would be larger than the stage corresponding to 
the maximum specific impulse, no significant decrease of this 
quantity will be noticed; this is due to the production of hydro_ 
gen, whose molecular weight is low, that somewhat compensates 
the decrease of interstitial temperature. Because of this rea-
son it has not been considered of interest to calculate any char 
acteristic chamber length associated to this region, on the 
other hand the lengths of these chambers are usually much larger 
than those needed to reach maximum specific impulse, and they 
are imposed by reasons related to the stability and ignition 
characteristics of the thruster that lie outside the scope of 
this work. 
A series of experiments have been carried out at INTA to 
measure the fluid temperature along a catalytic chamber for hy-
drazine decomposition. The chamber is 20.5 mm. long and has an 
internal diameter of 16 mm., the fluid discharges to ambient pres 
sure through a convergent divergent nozzle whose throat area is 
1/64 of the catalyst chamber cross sectional area. The tempera-
ture is measured at three points in the axis of the chamber lo-
cated at 3 mm., 9.5 mm., and 16 mm. from the entrance by means 
of Ft Rh-Pt thermocouples and a recorder. Sufficient time was 
allowed to elapse during each firing so that the signal in the 
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recorder will show that a steady stat 
erating pressures ranged from 3.5 to 
was taken to consist of 8-12 mesh siz 
Shell H05 in some cases, and 20-25 in 
been carried out of these results wit 
tions, although this comparison shows 
ment, the predicted temperatures seem 
that have been measured. A much bett 
comparing our theory with the tempera 
7 
the Rocket Research Corporation. 
In figure 5 the maximum measure 
plotted as function of the parameter 
maximum temperature decreases as the 
of the measured temperatures are between the maximum values of 
the particle and interstitial temperatures, this may be due to 
the fact that there is an uncertainty in which temperature has 
been rea.lly measured. In figure 8 are plotted the calculated 
values of T. and T as functions of axial distance and the tempe 
i s r — 
ratures obtained experimentally for an operating pressure of 
3.5 atm. and a granulametry corresponding to a 20-25 mesh size. 
The vaporization length of the induction region has been disre-
garded because the above calculations give that is of the order 
10" mm. in this case. 
e has been reached. The op 
14 atm. and the bed packing 
e catalyst particles of 
others. A comparison has 
h our theoretical predic-
a good qualitative agree-
to be lower than the ones 
er agreement is obtained by 
ture measurements made at 
d temperatures have been 
J . It can be seen that the 
parameter J increases. Most 
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A P P E N D I X A 
ANALYSIS OF CATALYTIC DECOMPOSITION OF HYDRAZINE WITHIN A 
CATALYTIC PARTICLE WITH A TWO STE? REACTION MECHANISM ANV 
EXTERNAL TRANSPORT RESISTENCE 
When studying the catalytic decomposition of hydrazine in 
vapor form, it is found that this decomposition process should 
not be described by an overall reaction as it was assumed in the 
analysis carried out in part III of this work. Because of this 
reason it is necessary to readapt the analysis of that part so 
that it can be used in the present part IV for the analysis of 
hydrazine thrusters. 
A theoretical analysis is presented for the catalytic 
decomposition of hydrazine within a porous particle, when the 
reaction is modelled by means of a two step reaction mechanism. 
In the first step the hydrazine decomposes exothermically to 
generate ammonia, hydrogen and nitrogen. In the second step 
the ammonia decomposes endothermically generating hydrogen and 
nitrogen. 
The first reaction is very fast and, as a result, the hy_ 
drazine is found to decompose very close to the surface of the 
2A.-
particles. The ammonia generated in the thin hydrazine reaction 
region is lost to the interstitial fluid or diffuses inward to 
the interior of the particle, where it decomposes in a region ad_ 
jacent to the thinner hydrazine decomposition region. 
The thickness of the ammonia decomposition region is small 
compared with the particle radius for high temperatures at the 
particle surface; the interior of the particle is then free from 
ammonia. For small surface temperatures the ammonia decomposi-
tion is found to be kinetically controlled; with small tempera-
ture and concentration differences within the particles. 
The analysis provides analytical expressions for the rate 
of consumption, per particle, of hydrazine and ammonia, in terms 
of the temperature and composition of the gaseous mixture bathing 
the particle and the physical properties of the porous particle. 
The chemical reactions occurring within the catalytic par-
1 
tides are modelled, according to Kesten , by a reaction mechan-
ism involving two reactions of overall stoichiometry 
N 2H 4 -*- NH3 + 0.5N2 + 0.5H2 (Al) 
NH3 -*• 0. 5N2 + 1. 5H2 (A2) 
and reaction rates, per unit particle volume 
V = 1 0 1 0 e"1389/T
 ( A 3 ) 
n 
3A.-
2.53 X l O 1 2 ^ " 1 - ^ 27778/T k = Z . 5 3 10"p t I 
a H2 (A4) 
where k, and k are the consumption rates of hydrazine and ammonia 
respectively per unit mass of reactant. 
Because of the coexistence of the two reactions within the 
catalytic particle, the results of the analysis presented previ-
5 
ously in this part for a single reaction, see also Petersen and 
Aris are not directly applicable. However the Thiele modulus 
<f>2 for hydrazine decomposition is so large, for particle sizes of 
interest, that the hydrazine decomposition occurs within a very 
thin layer adjacent to the particle surface (see figure A-l). In 
this thin layer the amount of ammonia decomposition, of much lower 
Thiele modulus <}>2 , can be neglected in first approximation. The 
hydrazine reaction layer is so thin that conservation equation 
take, there, the one-dimensional form 
92YT 
3r' 
h tr p 
P hp 
(A5) 
9ZY 
3r" 
hi h hrp 
p D. 
P DP 
(A6) 
3ZT 
3r' 
h h 
p h (A7) 
for the mass conservation of hydrazine, Eq(A5), all other species 
Eq(A6), and energy Eq(A7). Here v, . are stoichiometric coeffi-
4A.-
17 1 14 
cients, equal to -r-x- , •— and -r-r- for ammonia, hydrogen and nitro-
gen respectively. H, is the energy released per unit mass of hy 
drazine decomposed according reaction (Al). 
The heat conduction coefficient K and the product p D, 
p y P hp 
and p D, of the density and diffusion coefficients within the 
P JP 
particles are considered as constant when writing Eqs.(A5) to 
CA6). However this assumption is substantiated by the results 
of the analysis. Consequently we shall use instead the corre-
sponding values of these coefficients at the particle surface 
p D. and K . 
s ] s s 
The boundary conditions for these equations are derived 
from the mass and energy conservation principles at the inter-
face between the particles and the interstitial fluid. Thus 
9Y 
P D 
s j s dr 
r = a 
= p .K1 (Y. .-Y. ) H
 •• " ] i ] s ' 1 c 
(A8) 
3T 
9r 
r = a 
= h (T .-T ) 
C I S 
(A9) 
where the subscript s and i refers to the conditions at the par 
ticle surface and mean conditions of the interstitial fluid. 
The coefficients K and h account for the mass and heat trans-
c c 
fer from the interstitial fluid to the particle. They can be 
written in terms of the diffusion and heat conduction coeffi-
5A.-
cients D.. and K. of the interstitial fluid, the particle radius a, 
3 1 1 ' r 
as 
(A10) 
c 1 
h = vK./a 
c 1 
(All) 
where a and v are the Sherwood and Nusselt numbers, which are 
functions of the Reynolds number based on the interstitial mean 
6 
velocity and particle radius. See for example the book by Aris . 
The boundary conditions at the interior of the reaction zone 
will be given below, as obtained from the matching conditions 
with the solution for the thicker interior region of ammonia de-
composition . 
From (A5)-CA7) we obtain 
p D. CY.-Y. ) + CY.-Y, )v, .D, p =c.(r-a) (A12) 
s 3s 3 js h hs hj hs s 3 
K (T-T ) + (Y.-Y. )H, p D, = c_,(r-a) 
s s h hs hKs hs T 
(A13) 
where, if we take into account the boundary conditions (A8) and 
(A9) in the particle surface, the constant c. and c„ , can be 
written in terms of the gradients of the concentrations and tem-
perature just inside the hydrazine reaction zone, 
c. = p.(Y..-Y. )K^+p . (Y, .-Y. )v, .Kh (A14) 
3 Ki ]i ]s c *i hi hs h] c 
c_ = (T.-T )h + (Y. ,-Y. )p.H,K T 1 s c hi h s ^ i h c (A15) 
6A.-
The stoichiometric coefficients v.. , according to (Al), have the 
values 17/32, 14/32 and 1/32 for ammonia, nitrogen and hydrogen, 
respectively. The conservation equation (A5) for hydrazine can 
be integrated formally, once, to give 
1 
T 
9Y,_ 2 
(a^) c / h (VPVPsDhs ) d Y i (A16) 
if we use the boundary condition Y, -*• 0 , and therefore 9Y, /3r-> 0, 
for large values of (a-r), inside the hydrazine decomposition zone. 
At the particle surface, r= a , the concentration gradient is 
given by (A8), and Y, = Y, , so that from (A16) we obtain 
4 " ^iKC(YhI-Yh8)/PsDhs^ " / ^ V p V ^ h s ^ h (A17) 
We can use (17) to obtain an order of magnitude estimate of Y, 
and Y hs 
Y. * Y^ * Yv .o 
h Dhi hs 
h hs hi D hP Va2khs 
(A18) 
and for typical values of the right hand side of relation (A18) 
we obtain 
Yu << Y, . 
hs hi 
(A19) 
That is, the rate constant of the catalytic decomposition of hy-
drazine is so large that the mass fraction of hydrazine in the 
reaction zone takes a small value compared with Y, . , dictated 
7A.-
by the amount of hydrazine reaching the particle surface from the 
interstitial fluid. The ammount of hydrazine decomposition is 
m 
thus controlled by the external diffusion to the catalytic parti-
cles. It is equal, per unit particle surface, to p.K Y. . if we 
n
'
r r
 1 c hi 
use the approximate result 
Y, = 0 (A20) 
ns 
in Eq (A4) (see figure A-l). This approximation allows us to 
simplify (A1U) and (A15) to 
PiKc(Yji-Yjs)+Pi^(i^hjKc = cj ( A 2 1 ) 
h c C T i - V + YhipiF!hKc = CT ( A 2 2 ) 
From Eq.(A5) we can obtadjn the following estimate for the 
thickness of the hydrazine reaqtion zone 5, 
«. /a * /D,/a2k. (A23) 
n ns f|.s 
For typical values of th«| right hand side of this relation 
it can be shown that 5, is much, smaller than the particle radius, 
a . From equations CA21) and (A22), the estimates (A18), (A19) 
and CA23), and equation CA10) for a, it can be shown that for 
typical values of the parameters of the problem, 
cj6h/psDjs * Yhs/Yhi <K 1 ( A 2 4 ) 
CT6h/KsTs <K 1 
8A. -
Taking this result into equations (A12) and (A13) it shows that 
the relative changes of Y. and T through the hydrazine reaction 
zone are very small. Even though no significant changes in the 
temperature and mass fractions occur in the thin hydrazine decom 
position zone (see figure A-l), this layer acts as a source of 
energy and ammonia, nitrogen and hydrogen which is added to the 
energy and mass of the species reaching the particle from the in_ 
terstitial fluid. 
The equations to be solved to obtain the temperature and 
concentrations of ammonia, nitrogen and hydrogen in the interior 
of the particle which is free from hydrazine, are 
AYa = - A(Y j D j s/D a sv a j) = A(TKs/psDasHa) (A25) 
with 
9 Y 
AY = — 4 — [r>2 -} = k Y p/p D (A26) 
a
 r2 3r 3r a a s as 
where the stoichiometric coefficients v . are 14/17 and 3/17 for 
aD 
nitrogen and hydrogen respectively. H is the energy absorbed 
per unit mass of ammonia decomposed, according to reaction CA2). 
The boundary conditions are imposed at r = a where, neglect_ 
ing the small changes in concentration and temperature through 
the thin hydrazine reaction zone, we can write 
r = a ; T = Tg , Ya = Y a g Y j = Y j s (A27) 
9A.« 
The gradients of temperature and concentration at r = a are ob-
tained by matching with the solution CA12) and (Ad*3) for the thin 
reaction zone (see figure A - l ) . At the interior edge of this 
zone the mass fraction of hydrazine, and its gradient, has dropped 
to zero. So that we obtain 
K 3T s 3r 
r = a 
3Y 
C_ , p D . — 5 — 
T ' Ks js 3r 
I 
r = a 
c . 
1 
(A28) 
where c„ and c. are given by (A21) and (A22). 
From Eqs (A25), the boundary conditions (A27) and (A28), 
and the condition that the concentrations and temperature are con 
tinuous in the interior of the particle we obtain 
and 
Y.D. /D v . +Y = Y. D. /D v . + Y j js as aj a js ]s as aj as 
T K / p D H - Y = T K / p D H - Y 
s r s a s a a s s r s a s a a s 
(A29) 
(A30) 
and 
c, = - v .c , c_ = H c j a] a T a a (A31) 
In the interior of the particle the ammonia decomposition is then 
described by the single equation (A26), where the production term 
pk , given by (A4), can now b<|i written in terms of Y by means 
a a 
of Eq. (A29) and (A30). 
The boundary conditions, at r= a , are 
ilis 
(A32) 
10.A 
and 3Y 
P D 
s as 3r 
r = a 
p,(Y .-Y )K a + p,Y .v, K 2 
*i ai as c K i ari ha c (A33) 
If the weaker dependence of k on p u is approximated using the 
a ri 2 
value p„ for p„ we can use the results of the analysis of the 
H2 s H2 
chapter III based on the fact that the activation temperature 
T = 27778 is very large compared with the temperature of the 
particle to obtain a relation between */3 = ac /p D Y and r
 a Ks as as 
Y g = 27778/Tg , 
p D H Y 
^s as a as 
K T 
s s 
and d)2 
s 
a k 
s as 
D" 
as 
2.53 x l O u p 12n-l .6 = 2 
'2s 
as 
this relation can be simplified in first approximation, because 
y 6 is moderately small, to 
s s 
ac /p D Y = #/3 = <}> cth<(. - 1 = A 
a "3 as as Ts rs (A3H) 
This relation with equations(A21) , (A22) and (A31) enable us to 
calculate the interstice particle mass and heat transfer rates 
Y . . - Y. 
jl ]S 
T . - T « 1 s 
v .c K 
-SL« - v., - 4 - Y.. 
p.Kj h j K^ h l 
1 c c 
H c 
a a 
H. Khp . h cKi 
hi 
(A35) 
(A36) 
c c 
the first term in the right hand side of those equations gives 
the contribution of the ammonia decomposition and the second 
term that of the hydrazine decomposition. 
* In this part IV A is used. In the previous one (part III) * was 
used instead. 
1B.-
APPENVTX B 
As it is mentioned in the text, this is a case of no ex-
ternal resistance and the concentration at the surface of the 
catalyst particle is a known function of temperature and pres-
sure . 
For the conditions appropriate to this region, the heat 
effect parameter & that has beign defined in paragraph II of 
part III of this work is of the order 
3 = 10-3 
The ratio between the activation temperature for hydrazine de-
composition and the temperature at the surface of the catalyst 
particle y is at most of order 5, so that yS - 0.005. Conse-
quently this corresponds to the case of an exothermic reaction 
with null heat effects (paragraph V, of part III) and the appro_ 
priate form of the utilization factor is 
'
 =
 ~V~ [*h cth *h " ^  
On the other hand $* ±3 large, or order 105, and 
n = 3/$h 
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